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PREFACE. 

^ ... 

A^ This book, as its title imports, has been written as an in- 
troduction merely to the general mathematical theory of 
^ Elasticity, but it is hoped that it is sufficient to enable the 
va Student to understand the mathematical theory of the internal 
i strains and stresses that arise whenever external forces are 
applied to solid bodies. The distribution of stress in 
structures is a subject of the greatest practical importance, 
and the study of it is becoming more and more fully 
recognized as an essential part of the education of an 
engineer. 

One of the first questions that has to be determined by any 
writer on Elasticity is that of notation. Unfortunately no 
generally recognized system of nomenclature has as yet been 
adopted, such as has a place in nearly every other branch of 
Mathematical Physics. The consequence has been that each 
writer has usually adopted a different notation for the con- 
stituents of strain as well as for those of stress. That which 
I have adopted is one which was suggested many years 
I ago by the late Professor Townsend. In it the six con- 
stituents of strain are denoted by the letters «, fi, c, /, g, A, 
respectively ; while the corresponding stress constituents are 
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vi Preface. 

represented by the capital letters -4, JB, C, F^ (?, JET. Accord- 
ingly in this notation the elongation quadrio is denoted by 

or* + 6j^' + cs' + 2fyz + 2gzx + 2hxy = const., 

and the stress quadric by 

Ax^ + Bf + Cz^ + 2i?Vs + 2 (?aa? + 2-Hi;y = const. 

As these quadrics occupy so fundamental a place in the 
general Theory of Elasticity, the foregoing notation has the 
great advantage of harmonizing with the generally recog- 
nized method of representing the equation of a surface of the 
second degree, and consequently many of the fundamental 
properties of a quadric can thus at once be transformed into 
corresponding properties connecting small strains or stresses 
in elastic solids. There is, at the same time, no difficulty in 
the transformation of the notation here adopted into that of 
any other treatise on the subject. 

The Student who has sufficient knowledge of higher 
Mathematics, and leisure for the study of the more advanced 
portions of the general Mathematical Theory of Elasticity, is 
referred to the excellent treatise on the subject by Mr. Love, 
Fellow of St. John's College, Cambridge. 

In conclusion I desire to return my best thanks to Pro- 
fessor Tarleton for his kind assistance in the correction of the 
proof sheets, and for many valuable suggestions throughout. 

Tbimitt Collbgb, 

Fthrmry, 1894. 
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PRELIMINARY. 

1. i^train, iltress, Elasticity. — A body is said to be in its 
natural state when its several parts are in equilibrium under 
the action of its internal molecular forces solely. Also when- 
ever in consequence of the action of external force a body 
receives any alteration of form, it is said to be in a state of 
Strain. The internal forces or stresses resulting from such 
a state of strain are called also the forces of elasticity of the 
body ; such forces tend to restore the body to its natural or 
unstrained state. Again, for an elastic body in a given state 
of strain, equilibrium must exist, for each portion of the 
body, between the external forces which act on that portion, 
and the internal stresses or forces of elasticity. The external 
forces which act on any portion of a body may be dis- 
tinguished into superficial forces, i.e. stresses acting on its 
boundary, and body forces, i.e. external forces acting on each 
element of the body. 

We here denote by elasticity the property by which a 
body when strained tends to return to its natural state, and 
which, in the case of a perfectly elastic body, restore it to 
that state when the forces by wMch it has been strained cease 
to act. 

The following extract from Clerk Maxwell's Theory 
of Heaty p. 295, will help the student towards forming 
clear ideas on the nature and on the elastic properties of 
bodies: — "A body which, when subjected to stress, ex- 
periences no strain, would, if it existed, be called a perfectly 
rigid body. There are no such bodies, and this definition is 

% 



2 Preliminary, 

given only to indicate what is meant by perfect rigidity. A 
body which, when subjected to a given stress at a given 
temperature, experiences a strain of a definite amount, which 
does not increase when the stress is prolonged, and which 
disappears completely when the stress is removed, is called a 
perfe ctly elasti c body. Now, suppose that stresses of the same 
kihttpjut oi'COIlthiuously increasing magnitude, are applied 
to a body in succession, as long as the body returns to its 
original form when the stress is removed, it is said to be 
perfectly elastic. If the form of the body is found to be 
permanently altered when the stress exceeds a certain value, 
the body is said to be soft or plastic, and the state of the 
body when the alteration is just going to take place is called 
ihe limit of perfect elasticity. If the stress be increased till the 
body breaks, or gives way altogether, the value of the stress 
is called the strength of the body for that kind of stress. If 
breaking takes place before there is any permanent alteration 
of form, the body is said to be brittle. If the stress when it 
is maintained constant causes a strain or a displacement in 
the body which increases continually with the time, the 
substance is said to be viscous. When this continuous altera- 
tion of form is only produced by stresses exceeding a certain 
value, the substance is called a solid, however soft it may be. 
"When the very smallest stress, if continued long enough, 
will cause a constantly increasing change of form, the body '| 
must be regarded as a viscous fluid, however hard it may be. 
Thus, a tallow candle is much softer than a stick of sealing- 
wax : but if the candle and the stick of sealing-wax are 
laid between two horizontal supports, the sealing-wax will in 
a few weeks in summer bend with its own weight, while the 
candle remains straight. The candle is therefore a soft 
solid, and the sealing-wax is a viscous fluid." 

2. Plan of tbis Treatise. — The subsequent investiga- 
tions in this book will be principally confined to what are 
above called perfectly elastic solids, and our results can be 
applied to actual substances only so far as their properties 
approximate to those of this ideal elastic body. 

When a body is in a condition of stress the mutual 
distances between its several molecules are in general 
different from their distances when the body is in its natural 
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state. Inasmuch as substanoes expand or contract, in general, 
under alterations of tepaperature, we shall in all cases suppose 
that the temperature of the body is the same after and before 
the strain. In other words, we shall not in this treatise 
consider the effects arising from the application of heat to 
elastic bodies. 

It is evident that we may treat of the state of strain of a 
body quite independently of its corresponding state of stress. 
In this point of view the discussion of strain may be regarded 
as one of pure geometry and analysis, and to this we shall 
first direct our attention, commencing twith the case of 
homogeneous strain. 
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CHAPTER I. 
Strain. 

Section I. — Homogeneous Strain. 

3. Homogeneous Strain. — ^A strain is said to be homo- 
geneous when parallel distances in the body continue parallel 
after the strain, and receive proportionate alterations of length, 
this alteration of length varying in 

general with the direction. Thus, 

suppose -4, JS, C to be the positions 

of three particles in the same straight 

line before the strain, and «, 6, c their 

positions after the strain, then f or a « b c 

homogeneous strain, the points a, d, c 

must be in directum^ and we must have 

AB BC 

ah he ' 

It is obvious that in this case a parallelogram remains a 
parallelogram after the strain, and a parallelepiped remains 
a parallelepiped. 

4. Elementary forms of Homog^eneons Strain. — 

Some of the more elementary forms of strain may be here 
specified, as follows : — (1) Spherical Strain. — ^In this case all 
distances are altered by the strain in the same constant ratio ; 
and accordingly all portions of the body are of the same 
shape after as before the strain. (2) Cylindrical strain. — In 
this case all distances in one direction are unaltered in length, 
while distances perpendicular to that direction are uniformly 
lengthened or contracted. (3) Stretch. — In this case aU 
distances in one direction are uniformly altered in length, 
while all distances perpendicular to that direction are un- 
altered in length. This is sometimes called a simple elongor 
tion. 
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Strain Ellipsoid. 5 . 

5. C^eometrical Representation of Homogeneous 
Strain. — It is obvious that 
no strain is produced by a 
motion of translation of the 
body, or by a rotation round 
any line. Hence, after the 
strain, we may suppose any 
particle P of the body brought 
back to its original position, 
the other particles receiving 
the same motion of transla- 
tion as that given to P. '^ /'y' 
Accordingly, we may regard 
P as fixed, and that PX, PY, PZ are any three rectangular 
lines drawn in the body before the strain. Suppose PX\ 
PY\ PZ to be the positions of the lines PX, PF, PZ, re- 
spectively, after the strain. Again, let Q be the position of 
any particle of the body before, and Q' its position after the 
strain ; and let xy% be the coordinates of Q referred to the 
axes PX, PYy PZ\ and x'y'z those of Q[ referred to PX', 
PY\ PZ. 

As the strain is homoffeneous the ratios -, -, —are each 

° X y z 

constant, and are the same for all points of the body. 

Accordingly we may vmte 

af = ax, 'if -hy, s'=C2, (1) 

where a, 6, c are constants for the same homogeneous strain. 
From these equations it follows that all points in a plane 
before strain lie in a new plane after the strain; also that 
points on any surface of the second degree continue after the 
strain to lie on a surface of the second degree, &g. 

6. Strain Ellipsoid. — From the preceding it follows 
that any sphere becomes, in general, an ellipsoid after the 
strain ; and hence points on a sphere with radius unity and 
P as centre lie on the ellipsoid 



/*.'2 ^/2 -/2 

'L + ?L + !_ = 1 (2) 

_2 J.2 >.2 ' ^ ' 

a c 



after the strain. 



6 Homogeneous Strain, 

This is called the strain ellipsoid for the point P ; and 
from the form of its equation we see that the axes PX\ PY\ 
PZ^ are a system of conjugate diameters of this ellipsoid. 

Accordingly, any system of rectangular lines become, 
after the strain, a system of conjugate diameters of the 
strain ellipsoid. 

Consequently, there is in general one, and but one, rect- 
angular system of lines which remain rectangular after the 
strain ; viz. the axes of the strain ellipsoid. These are called 
the principal axes of the strain, 

7. Pure Strain. — Whenever the axes of the strain ellip- 
soid are coincident with their original directions the strain 
is said to be pure. Moreover, as any system of rectangular 
lines can, by a rotation, be made to coincide with any other 
rectangular system having the same vertex, it follows that 

Any homogeneous strain is equivalent to a pure strain com- 
hined icith a rotation. 

8. Elongatioii. — Principal Elongations. The elon- 
gation of any strained line is the ratio of its increment of 
length to its original length. 

Thus, in Art. 3, the elongation e of the distance AB is 
given by 

ah-AB 

'~ AB ' 

This gives 

ab ^AB{1 + e). (3) 

Here, as in all similar cases, to a decrease of length corre- 
sponds a negative elongation. 

Again, in Art. 5, the elongations corresponding to the 
axes PX, PYy PZare a - 1, 6 - 1, c - 1, respectively. 

The elongations for the axes of the strain ellipsoid are 
called the principal elongations of the strain, and it is imme- 
diately seen that the elongations corresponding to the greatest 
and least axes of this ellipsoid are the greatest and the least 
elongations of the strain. 
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Examples. 

1. Prove that the ratio of any two areas situated in the same plane, or in 
parallel planes, is unaltered by a homogeneous strain. 

Let ABCD and A'B'C'D' be two parallelograms, such that AB and A'B' 
are parallel, and AC and A'C also parallel; also let abedy and a'b'c'd^ be the 
Corresponding parallelograms after strain. 

Then, if e and e be the corresponding elongations, we have, .by (3), 

ab = AB{\ + e)y ac = AC{1 + e'), a'V = ^ 5' (I + «), aV = A'C (1 + e'). 

Also, area ABCB : A'B'C'D' = AB y AC : A! B' x A'C 

=^ ab X ac : a'V x a'c' = area abed : area a'b'c'd^. 

Again, any area can be divided by indefinitely near parallel lines into an inde- 
finite number of strips, which are approximately parallelograms ; and we 
easily infer £rom the above that the ratio of two such areas for parallel planes is 
unaltered by the strain. 

2. Prove the same property for any two volumes. 

As in Ex. 1, we readily see that the ratio of the volumesof any two parallele- 
pipeds, whose edges are respectively parallel, is unaltered by a homogeneous 
strain ; hence the result follows, for any volume can be ultimately divided into 
a number of indefinitely small parallelepipeds whose edges are respectively 
parallel to any three given directions. 

9. Equations for a Homogeneous Strain. — We 

suppose the strain referred to i z 

a system of coordinate axes, as ^ 

in Art. 8. In doing so, however, 
we will find it more convenient 
to alter the notation, and to de- 
note by ^jj^ the coordinates of Q ; 
and by I'jj'^'the coordinates of Q', 
referred to the same axes. 

From (1) we may obviously 
write 

I' = fli^ + fl2i? + «3?, »»' = *i5 + *2»? + ^3?, r = Ci£ + C2»i + C3?, (4) 

in which flia2^ hibjbz CiC^Cz are constants for the same strain. 
Now, let 

A| = £'-|, A„ = i,'-i,, AZ-V-Z; (5) 

then AK, Ariy aK are the coordinates of Q' relative to a 
parallel system of axes drawn through Q ; i. e. A?, Ari, AZ 
are the components of the displacement of Q arising from the 
strain. 
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8 Homogeneous Strain, 

Hence we get 

AS = (fli - 1) £ + aufi + (TaZ; \ 

^r^ = b,l + (S, - 1) „ + hi: \. (6) 

Af = Ci% + C2»j + (c3 - 1) 2 

Let PQ = /t>, PQ' = p + A/t> ; 

then 

'Oa + ^pY = (I + A^)^ + (i, + A.,)^ + (? + AO^ ; 

hence, if the displacements A^, Aij, AS he very small in com- 
parison with £, ?j, 2, we have, approximately, 

pAp = £a£+ i,Ai, + 2AS = {a, - 1) £^ + (6^ - 1)»»^ 

+ (Cs - 1) r + («2 + 6i) £»J + («3 + Ci) ?£ + (*3 + C2) r)i:, (7) 

Now, let 

flJi - 1 = a, ^2 - 1 = Sj (?3 - 1 = 0, 1 

(8) 
2/= C2 + 63, 2^ = ^3 + Ci, 2A = 61 + ^2 ' 

and we may write, in the case of a small strain, 

pAp = fl? + V + cK' + 2/i,S + 2gZ^ 4- 2Ag„. (9) 

It may be here observed that, unless the contrary be 
stated, all our subsequent investigations will be restricted to 
the case of small strains. 

Example. 

1. Show that there is in general one line in the body which remains unal- 
tered in direction by the strain. 
If this be so we should ham 

f' n' C 

- = - - = -r = A (suppose). 

I ^ c 

Hence equations (4) give the following cubic for A : — 

«i — A, a2t ttz 

h\i hi — A, ^8 = 0. 

C\, {?2, C3 — A 

Now, every cubic has at least one real root : accordingly there is always one 
direction unaltered by the strain. 

It may be observed that this result is true for all strains, whether small 
or not. 



Elongation Quadric. ^ 

10. Elongation iinadric. — Suppose the point Q to lie 
on the quadric U, represented by the equation 

U^ a%' + bn' + cr + 2fyl + 2^S£ + 2hU = ^, (10) 
where j5" is a small constant quantity, then from (9) we get 

^ = ^. (11) 

P P 

Again, by Art. 8, -- represents the elongation of PQv 

p 
and we see that, in small strains^ the elongation of any radius 

vector of the quadric U varies inversely as the square of tha 

vector. 

From this property the quadric (10) is called the elonga- 
tion quadric of the strain. It may be regarded as a fixed 
quadric drawn in the body ; and by means of it the elonga- 
tion in any direction can be found when ahc/gh are known. 

From its equation it is evident that the elongation quadric 
is a central surface, having P as centre. It is an ellipsoid 
or an hyperboloid, according to the relative magnitudes of 
constants a, 6, o, &c. 

If the elongation quadric is an ellipsoid, then, by (10),. 
all lines are elongated if K be positive ; and are contracted 
if JTbe negative. 

For an hyperboloid, the surfaces represented by 

a?' + Ji,» + c?2 + 2/?: + 2a +2A|„ = + J? ) 

ap + Ji,* + cl^ + 2M + 2^?^ + 2h^n ^-K 

are called conjugate hyperboloids ; and we see that all central 
vectors which meet the former are elongated, while those 
that meet the latter are contracted. 
Along the asymptotic cone 

al^ + bn' + c^ + 2/„S + 2^a + 2AS», = ; (13) 

the lines are unaltered in length, but may of course be altered 
in direction. 

Again, if e be the elongation in any direction, we have,, 
fiom (11), 

^ = ^,or^=^(r+i?*+r). 
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10 Homogeneous Strain. 

Consequently lines of the same elongation e lie on the 
<jone. 

{a - 6) r + (i - e) 1,^ + (o - e) ^ + 2M+ 2gZ^ + 2A?i, = 0. (14) 

Again, if Imn be the direction cosines of /o, we have for 
the corresponding elongation e, 

e = aP ■{■ hm?- + cv? + 2fmn + 2gnl + 2hlm, (15) 

If we suppose the equation of the elongation quadrio when 
referred to its principal axes to be 

e,l' ^ e^rf ^ e^l' ^ K, (16) 

then it follows from (9) that ^i, ^2, ^3 are the elongations 
along the axes of the quadric, and are accordingly the 
principal elongations of the strain. 
If the asymptotic cone 

^ir+^2»?'+^3r= 

breaks up into two planes, there will be two 'planes of no 
distortion. This takes place when one of the principal 
elongations vanishes, and the two others have opposite signs. 

11. Constituents of a Small Strain. — From the pro- 
perties of the elongation quadrio it follows that a small 
homogeneous strain is completely determined when the 
constants ahcfgh are known, for by means of these the strain 
in any direction can be at once determined by (15). 

Accordingly, ahcfgh are called the six constituents of the 
strain. 

It is plain from (8) that «, J, c are the elongations for the 
coordinate axes. In the next article we shall give the 
geometrical interpretation of/, //, h for a small strain. 

It may be observed that all strains in natural bodies are 
in general very small; and accordingly, in all practical 
questions, it is sufficient to restrict our investigations to 
49mall strains. 

If a body first receive the small strain represented by 
^bcfghy and afterwards receives the small strain dVc'fg'h\ 
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then the whole strain is equivalent to the single strain 
represented by 

a-\-a\ b + b\ c + c\f-¥fy g +^, h + h\ 

Thus we can readily infer that any number of small strains 

<}an be added or subtracted, so as to give the resultant strain. 

12. Creometrical Interpretation of the quantities 

y*, g, h. Pure Shears. — -If, in Art, 9, we suppose Q taken on 

the axis of S, equations (4) become 

r=«iS, v'=b£, K'=c,l 

Hence if A, wh, n^ be the direction cosines of PQ;, the strained 
•direction of PS, we have 

tti bi Ci 

h = =, nil = Z=Ly fll = 



Likewise if 4, ^2, n^ correspond to the strained position of 
the axis of ij, we have 

J a>2 O2 C2 

h = — :> niz = — , fli 



Hence, if ^3 be the angle between the strained positions of 
the axes of £ and ?;, we have 

cos 03 = 



(1 4- g) ^2 + (1 + b) bi + C1C2 , ,gv 

Accordingly, for a small strain, neglecting small quantities 
of the second order ^ we get 

cos 03 = ^2 + Si = 2A. (17) 

In like manner 

cos 02 = 2^> cos 01 = 2/, 

where 02, 0i have similar meaning. 
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Again, since the angles between the strained directions 
of the coordinate axes are nearly right angles, we see that 

2A =^ - ^„ 2<7 = ^ - U 2/= I - 0„ (18) 

and consequently 2/, 2^, 2h are the small angular changes 
produced by the strain in the coordinate system of axes. 

It should be observed that when h is positive the angle 
between the positive directions of the axes of % and i| is 
diminished by the strain, and similarly for g and h. The 
quantities 2/^ 2g, 2h are called pure shears, since their effects, 
as shown above, consist in angular, or what is called shearing 
distortion. 

Examples. 

1. If in the unstrained body a unit cube whose edges are parallel to the 
coordinate axes be taken, and if we take a corresponding parallelepiped, whose 
edges are aU of unit length and are those of the cube after the strain ; show that 
the elongations of the diagonals of the faces of this parallelepiped are respec- 
tively equal to /, g, h, 

2. Show that a shearing strain can be produced by a small elongation along 
one right line, combined with an equal compression along a perpendicular line. 
This, from the elongation quadric, is equivalent to showing that the curve 

2A|7; = K 

when referred to its axes has for its equation 

3. Find, with reference to any three rectangular axes, the strain con- 
stituents arising from a simple elongation « in a given direction. 

Take this direction as axis of x'y and let I, w, n be its direction cosines. 
Then the equation of the elongation quadric is ex"^ = K, and therefore its 
equation referred to the given axes is 

e (Ix 4 my + nz)^ = K. 

Hence the constituents in question are 

el^, em^, en^y ehn, eln, emu. 

4. Find the conditions among the principal strains that a given strain shall 
be reducible to a pure shear. 

The equation of the elongation quadric in this case is reducible to 

2h^n = K. 

Hence one of the principal strains must be zero, and the other two must be equal 
and have opposite signs. 

6. Show that if the strain be a spherical strain we must have 

a = b = c, and /= ^ = A » 0. 
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13. Equation to Strain Eiiipsoid. — Let equations 
(4) be written 

g'= (1 + «)| + «2»J + ^sH 

i,'=6,|+(l + 6)„ + W . (19) 

r=ci?f C211 + (1 + c)Zj 

Then, since ai, az, &c., are, by hypothesis, very small, we see 
that when small quantities of the second order are neglected, 
we may substitute 5' for 5, ij'for ?;, and Tfor^ in the small 
terms in (19), so that these equations lead to 

?=(i-«)r-«2i»'-^3r, 

If now Q lies on the sphere 
then will Qf lie on the ellipsoid 

+ {(i-c)r-tJir-W)'=i. 

If in this equation small quantities of the second order be 
omitted, and if the accents be dropped for convenience, then 
will Q' lie on the ellipsoid 

e + 1,^ + r- 2 (fl?^ + brt' + or + 2M+ 2gKK+ 2hU) = 1. (20) 

This is the equation to the strain ellipsoid of Art. 6 ; from 
its form it is evident that the strain ellipsoid and the elonga- 
tion quadric have codirectional axes, and also have the same 
circular sections. It is also obvious that along these circular 
sections the dilatation is uniform, and that the strain in these 
planes is a pure dilatation without distortion. Also the 
elongation for any line in either of these planes is equal to 
that for the mean axis of the elongation quadric. 

Again, from (16) the equation of the strain ellipsoid when 
referred to its axes becomes 

£^(1 - 2e,) + 1,^(1 - 2e,) + ^^1 - 2^3) = 1. (21) . 
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14. Cubical Dilatation of the Strain. — We have 
shown in Ex. 2, Art. 8, that the ratio of any volume 
to the corresponding volume after the strain is constant; 
we now proceed to determine this ratio for the case of small 
strains. 

Suppose any parallelepiped taken, whose edges are re- 
spectively parallel to the coordinate axes, and let /, m, n be 
the lengths of its edges : then after the strain the lengths of 
the edges of the strained parallelepiped are 

/(I + a), m[l + b)y n{l + c). 

Again, since by hypothesis, the shears /^A are very small, 
the strained parallelepiped is nearly rectangular, and, accord- 
ingly, neglecting small quantities of the second order, the 
sines of the angles between its edges are each unity ; hence, 
if V and F' be the respective volumes of the parallelepipeds, 
we have 

r ^lmn{l ^ a){l + b){l + c) 

= r(l + a)(l-t6)(l + c) 

= F(l + a + 6 + c), 

neglecting small quantities of the second order. 
If A denote the cubical dilatation, we have 

F'- F 

^= ^a + h + c. . (22) 

Again, when A = 0, the strain is called an incompressible strain. 

15. Creneral Equations of Strain. — If now we make 
the following additional transformations 

C2 - 63 = 201, «3 - ci = 202, 61 - «2 = 203. (23) 

Equations (6) may be written 

A^ = aZ + hri + gZ + O2Z - 03»i 

Av-hK + bn+/Z + e,K-e,K \. (24) 

aZ = gK +/»? + cZ + OiYi - OiK 



Pure Strain. 15 

In these expressions the terms O2Z - Oztij 0^^ - 0iiy, fliiy - 62^ 
represent the changes in position due to small angular dis- 
placements 01, 02, 03, made respectively round the coordinate 
axes {Dynamics^ Art. 253) ; also the remaining terms corre- 
spond to a pure strain, as will be shown in the next Article. 
We thus see again that any homogeneous strain can be 
resolved into a pure strain, combined with a rotation. 

16. Pure litrain. — We now proceed to a geometrical 
interpretation of the equations 

AK = aK + hn + gZ, Aiy = A| + bn +/Z, AZ = gK +/i; + cZ. (25) 
Suppose the point |iy5^, taken on the elongation quadric, 

U=^a^'+ bn' ^cZ!" + 2fnZ+ 2gZ^ + 2hZv = S^, 
then 

fITT 
i -^ = aK + hri + gZ= AKj &c. 

Hence 

AK:Ar,:AZ = '^.:^:^=l:m:», (26) 

where /, m, n are the direction cosines of the normal to the 
quadric (7 at the point Q. 

These equations show that the displacement QQ' is 
normal in this case to the elongation quadric U. Hence, 
if the line PQ' coincide in direction with PQ, the line PQ 
must be normal to the quadric, ^. e. PQ must be one of its 
principal axes. 

Hence, in this case the principal axes of the elongation 
quadric imdergo no angular displacements by the strain; 
accordingly, the strain is pure (Art. 7). A pure strain is 
also called a nonrotational strain. It is also obvious that the 
axes of the quadric 27 are the principal axes of the strain. 

The converse theorem, that if the strain, represented by 
equations (6), is a pure strain, we must have ^2 = 6i, d = a^y 
bz = C2, can be established without difficulty. This is left as 
an exercise for the student. 

17. Principal Elongations of the litrain. — We have 
shown, in Art. 10, that the principal elongations of the strain 
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correspond to the axes of the elongation quadric. Henoe 
(Salmon's Gemnetry of Three DimemionSy Art. 83), the principal 
elongations are the roots of the cubic 



flf - A, h, g 

K J - A, / 



= 0. 



(27) 



This result can be also readily shown from equation (15), 
viz. 

e = aP ■¥ bm^ + cn^ + 2fmn + 2gln + 2hlm. 

For, if e be a maximum or a minimum, we must have, 
regarding /, m, n as variables, 

{al+ hm + gn) dl+ {hi + bm +fn) dm + {gl-\-f?n + en) dn = ; 

also from the equation 

P + m^ + n^ = 1, 
we get 

Idl + mdm + ndn = 0. 



These equations give, immediately, 

al + hm + gn = Xl 
hi + bm + fn = \m 
gl +fm + en = \n 



(28) 



where X is an indeterminate multiplier. 

If Imn be eliminated from equations (28) we get, at 
once, the determinant given in (27). 

Again, if in (28) the first equation be multiplied by /, the 
second by m^ and the third by «, we find by addition that 
A = ^. 

18. Invariants of the litraln. — Since the elongation 
quadric is independent of the directions of the particular 
system of rectangular coordinates to which it is referred, it 
follows that the coeflScients of A in (27) are invariants ; 
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hence the quantities, a + J + c, aJ + Jc + ac -/* - ^^ - A% and 
the determinant 



Z) = 



a, A, g 
K h, f 

9y fy 



(29) 



are unaltered by orthogonal transformations, i. e. are inva- 
riants of the strain. We have already seen, in Art. 14, that 
the first of these expressions represents the cubical dilatation 
of the strain. 

^ few applications of these invariants are given in the 
following examples. 

Examples. 

1 . Find the conditions that a given strain should he equivalent to a simple 
shear. Ans, a + b + c = Oy and D = 0. 

2. Find the magnitude of the shear s in this case. 
Here we obviously have 

gi =f^ + g^ + h^ - ab - ac - bo =/« + g^ + h^ + i(a^ + b^ + e% 
since a + b + e =0. 

3. Find the condition that there should be two planes of no distortion. 

Ans, D = 0. 

19. Cnlplanar litrain. — In many cases the displace- 
ment of every point is parallel to a fixed plane. Such a strain 
is called two-dimensional or uniplanar. In this case we may 
take the fixed plane as that of £??, and therefore c = 0,/= 0, 
g = ; then the constituents of the strain are a, J, and h ; and 
the discussion of the strain is greatly simplified. 

For instance the elongation quadric becomes 

oar* + Jy* + 2hxy = JST, (30) 

and is either an elliptic or hyperbolic cylinder. Also the 
principal elongations are the roots of the quadratic 

(a-A)(J-A)-A^=0. (31) 
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Examples. 

1 . In a given plane find the pair of rectangular lines — { 1) for which the shear 
is evanescent ; (2) for which the shear is a maximum. 

Taking the given plane for that of ^i}, the corresponding section of the stream 
quadric is represented hy 

«|* + *r?2 + 2h^n = JT. o) 

Transform to new axes in the same plane, and let a'f b', h' he the corresponding 
coefficients in the transformed expression ; then, hy a well-known elementary 
result we have ab-h^= ah* — h"^, and a + b = a -{-b'. 
Hence we have 

4A'2 + (a' - b'Y = 4A2 + (a - b)\ 

(1) It is ohvious that A' = when the new axes are the axes of the conic (a). 

(2) Again, A' is a maximum when a' = J', i.e. for the lines which hisect the 
angles hetween the axes of the conic (a) : also this maximum value is 



J V4A* + (a - bf, that is = J (ai - ^i), 
where 

is the equation of the conic (a) when referred to its axes. 

2. In any small homogeneous strain, if OF, OQ, OH he a rectanguliar system 
of lines drawn hefore the strain, prove that, however the rectangular lines OQ 
and OS he varied, OF remaining fixed, the sum of the squares of the shears of 
the angles FOQ and FOU is constant. 

Taking OFior axis of |, we see immediately that/^ + ff^ remains constant, 
however the other rectangular axes he altered. 

3. In a pure homogeneous strain, prove the existence of three rectangular 
axes of pure radial dilatation, imaccompanied hy change of direction, and also 
of two planes of pure areal dilatation, unaccompanied hy distortion of form. 

4. Show geometrically that the most general strain at any point of an elastic 
solid is equivalent to a pure strain together with a rotation. Also show that a 
strain can in all cases be resolved into — (a) a spherical dilatation ; {b) a simple 
elongation ; together with (e) a pure shear. 
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Section II. — Heterogeneous Strain, 



«--^ 
;■=■■ 




20. Expressions for a Heterogeneous Strain. W e 

now suppose the state of strain 
to vary from point to point in the 
body, but in doing so will assume 
that the strains are continuous 
quantities. 

Suppose the particles of the body 
referred to a rectangular system 
of axes OX, OF, OZ. Let 
xyz be the coordinates of any 
particle P before the strain, and 
X + Uy y -\- Vy z -^ w^ the coordinates 
of P', the position of the particle after the strain ; then w, 
t?, w are the components of the displacement of P caused by 
the strain. 

Now, in any strain we suppose that the displacements of 
any particle depend on its position, ^. e. on its coordinates. 

Accordingly we may assume that 

where the form of the fimctions depend on the character of 
the strain. 

Again, let ir + ?, y + ?y, 2 + 2^ be the coordinates, before the 
strain, of any particle Q, near to P : and let Q' be the strained 
position of Q : also let u\ v\ w be the displacements of Q, 
and %\ rff Z' the coordinates of Q' relative to P'; then it is 
plain that we have 

r-? = t*'-w, i,'-i,=t?-t;', Z''Z=^w'-w. (2) 

Moreover, by (1), we have 

«*'-^i(a?+S, y + ij, z-{-Z); 
therefore 

5,, ^ , ^du du ^du 

neglecting small quantities of the second order. 

C2 
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Hence we have, approximately, 

' ^ ax \ dyj dr 



>. 



r* 



^, ydw iho yf^ die 



(3) 



Now, these are the same as equations (4), Art. 9, provided 
we have 



du du du \ 

dx dy ''- 



dz' 



dv , ^ dv , dv 



• • 



Ci = 



dw 
dx' 



dw - dw 

dy dz 



(4) 



Also, since ~, -t-,&c., are, by hypothesis, cow^mt^ows functions, 
cue ay 

we may, neglecting small quantities of the second orders 

consider them as constant for points in the immediate 

neighbourhood of P ; accordingly, we can immediately infer 

that all the results previously established for small homogeneous 

strain hold good equally for heterogeneous strain^ on making the 

above substitutions for ai, ««, a^^ Jj, &c. 

21. Constituents of the litrain. — The strain in the 

immediate neighbourhood of any point P is completely 

determined when the strain qua<Lic of the point is known, 

i. e. when the quantities 



du dv dw 
dx' dy' dz 



^^du dv\ ^fdw du\ ifdv dw\ 

' *V^ ^ ^/ \d^ ■*" ^/ *v^ ^ ^/ 



are known. These six quantities are called the constituents of 
the strain, as in Art. 11 ; and we shall continue to denote 
them by the letters abcfghy as before, but will suppose that 
they vary in general from point to point in the body. 
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Also, by Art. 14, the cubical dilatation at any point is 
given by the equation 

. _du dv dw . 

dx dy dz' ^ ^ 

22. Pure litrain. — litraln Potential — Displace- 
ment Unes — From Art. 16 we see that the strain is a pure 
strain when we have 



(6; 



du _ dv dw du dv dw 
dy dx^ dx dz* dz dy' 

Accordingly, in a pure strain, 

udx + vdy + wdz 

must be an exact differential. 

Hence, in this case, we may write 

udx + vdy + wdz = (f^, (7) 

where is some function of the coordinates xyz. 

The function ^ is called the potential of the pure strain, 
and the constituents of the strain are 

d^ ^ d'i> d'ifi d'i> d'if 
flte" dy^* dz^^ dxdy^ dzdx^ dydz 

Again, the cubical dilatation of a pure strain is expressed 

^ d'0 (f0 ^* * 



by 



For incompressible substances, we have 

V'0 - (9) 

in the case of a pure strain. 

From the preceding it is readily seen that the function ^ 
possesses properties analogous to those of the potential 
function in Attractions. 
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Thus the surface 

^ = const. 

is called an equipotential surface of the strain : also, since 

d<fi d<p dip ,.^ 

it follows that the displacement of any point is normal to the 
equipotential surface passing through the point. 

Again, since in genered the dSrection of the displace- 
ment satisfies the equations 

dx dy dz ,-,. 

— = — = -, 11) 

U V w 

it follows that these are the differentia] equations of a series 
of curved lines, called displacement lines ; these lines correspond 
to lines of force in Attractions. 

Again, to a tube of force in Attractions corresponds a 
displacement tube, &c. 

23. Application to Cnlplanar Incompressible 
Strain. — If the strain be uniplanar the displacement curves 
satisfy the equation 

udfj - vdx = 0. (12) 

Moreover, if the strain be incompressible, we have 

du dv ^ 
dx dy 

But this is the condition that udy - vdx should be an 
exact differential : accordingly, for an incompressible strain, 
we may assume that 

tcdy - vdx = d\py (13) 

where xf^ is some function of x and y. 
Hence we have 

»-|.— S- (") 

where <A ~ constant is the equation of a displacement line. 
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Again, if the strain be pure, we have also 

and consequently in that case, 

d^ _ dip d^ d\p 

dx dy^ dy dx' ^ ^ 

The functions ^ and y^ obviously satisfy the difEerential 
equations 

Also since 

d(p dip dtp dip 

dx dx dy dy ~ 

it follows that the curves represented hj<j> = const, and 
i// = const, form two systems of mutually orthogonal curves. 
The system of curves represented by ^ = const, are called 
equipotential curves, and those represented by ;// = const, are 
the corresponding displacement curves, 

24. Conjugate Functions. — If any function of a? + iy, 

where i = a/ - 1, be represented by f{x + iy), and if we 
suppose 

f{x^iy)^X^iY, (17) 

where X and Y are real functions of x and y, then it is 
immediately seen, by differentiation, that we must have 

dX^dY^ d — -- — 
dx dy^ dy dx' 

Any functions X and Y, which satisfy (17), are called con- 
jugate functions ; and accordingly, all functions which are 
connected by equations (18) are conjugate to each other. 
Hence, we see that the potential and displacement functions 
and ;// of Art. 23 are conjugate to each other. 

We also infer that any pair of conjugate functions may 
be regarded as capable of representing a possible incom- 
pressible pure strain for an elastic solid. Some applications 
of this statement will be found among the examples at the 
end of the chapter. 
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25. ITorteiL Idnes, and Vortex Tubes. — When the 
strain is rotational, then, in addition to the strain proper, 
each element receives a small angular displacement, called a 
vortical rotation, of which the three components, by Art. 1 5, are 

If at each point an indefinitely short line be drawn in the 
direction of the axis of the corresponding rotation, it will 
satisfy the equations 

Ul 02 03 

These may be regarded therefore as the differential equa- 
tions of a system of curves called vortex lines. 

Also, in analogy with displacement tubes, we may 
regard a system of vortex lines drawn through all the points 
on the boundary of any small area ; such a system of lines 
form what is called a vortex tube. 

Since the strain at any point is completely determined 
when the elongation quadric is known, we see that the 
vortical rotation here considered is not properly a part of the 
strain. This will also appear more exactly when we consider 
the stresses which correspond to a given state of strain for a 
perfectly elastic solid ; for it will be shown that the stresses 
at any point can be always expressed in terms of the quantities 
here designated by abcfgh, and do not depend at all on the 
vortex displacements. 

26. lipherieal Pure litrain. — In many cases the 
displacement of each i»oint P of the body takes place along 
the line OP which joins the point to a fixed point 0, 

If be taken as the origin of a rectangular system of 
coordinates, then for any point P we may write 

u = x\pf v = yyp, w = z\p, (21) 

Hence 

udx + vdy f wdz = {xdx + ydy + zdz)\p = rxp dr, (22) 
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Accordingly, for a pure strain, we have 

d,t> = r^dr,OT,p = ^^£. (23) 

Hence, the normal constituents of the strain are given by 



du 7? d\p 

dx r dr^ 

^ r dr r dr 



(24) 



Again, 



A«.6.«.3*..f=i|(^).ii(4*i. m 



Also 



-^ \dy dz) r dr' 

^zivd\p xy dip I 

r dr r dr J 



(26) 



In order to determine the principal strains at any point P, 
suppose OP taken on the axis of x, then the coordinates of 
P become 

X = ry y = z = Oy 
and we have 

Hence, if we denote the strain along OP by Ci, and the 
perpendicular strains by €2 and ^3, we see at once from (15), 
that 

d\p d^4> 1 d<p .^^. 

In this case the equipotential surfaces are a system of spheres^ 
having O as a common centre ; and all points lying before 
the strain on one of these spheres lie after the strain on a 
concentric sphere. The strain may accordingly be called a 
spherical strain ; however, in this case the condensation A ia 
not constant, as in Art. 5, but varies with the distance r. 
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27. Cylindrical Pure litrafn. — Next suppose that the 
direction of the displacement of any point intersects perpendi- 
cularly a fixed right line. 

In this case the strain is uniplanar, and we may write 

u = an//, V - t/\p, w-0, (28) 

Hence, for a pure strain, we have 

where r* = x^ -\-y^. 

^ r dr r dr 



r dr 



(30) 



ei = 



The principal strains are plainly along rand perpendicular to r, 
and we have 

^,.. = -^,.3»0,A = -^(^r^j. (31) 

This may be called a cylindrical strain. 

28. Pure Torsion. — Suppose one end of a cylindrical 
body to be fixed, while its opposite end is twisted round the 
axis of the cylinder. Then the body is said to receive a 
pure torsion when any section, perpendicular to the axis, 
turns in its own plane through a small angle, whose amoimt 
varies directly as the distance of the plane of section from the 
fixed end of the body. 

We can easily find expressions in this case for the dis- 
placements and the resulting strains at any point P. 

Take the fixed axis for that of s, and the fixed end of the 
body for the plane of xy. From any point 
P draw PM perpendicular to OZ^ and 
PN perpendicular to the plane oi xz^ M 

then we have 

OM^z, PN^y, MN^x. 

Let i^d denote the angle through 
which PM is made to twist, then, by /L 
hypothesis, A0 = kz. 



p 
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Let /be the length of the cjlindrical body, and let Aa be 
the angle of twist for the free end : then we have 

Aa = kl, .*. A0 = y Aa = rs, where t = -r-. 

Accordingly, the displacements of P are given by the 
equations 

w=-yA0 = -rys, v^xAO^'txz, w = 0. (32) 

These equations represent what is called a pure torsion. 
The corresponding strains are 

a = 6 = c = 0, 2A = — + T- = 0, 

du ax 

: (83) 

2/= — = ra?, 2g^-Ty 

Examples. 

1 . In the small strain of any continuous elastic body, investigate expres- 
fiions for the diagonal elongations, facial distortions, and cubical dilatation of 
4iny elementary parallelepiped of its mass. 

2. In a given strain find the pair of rectangular lines whose inclination is 
most altered by the strain. 

3. Show that the shear corresponding to any two rectangular lines is equal 
to the difference between the elongations of the internal and external bisectors 
of the angles between the lines. 

Let a^ + bri^ + cf« + 2fy(+ 2yft + 2h^n = JT, 

represent the elongation quadric. If we transform to the internal and external 
bisectors of the axes between the axes of ^ and tj, we have 

-and the part depending on ^ and rj, transforms into 

i««'-V)HJ*«' + V)HA(r--V''), 
or 

J (a + ft + 2A) |'2 + J (a + * - 2A) V'*- (a - b) ^V+ &c. = JT. 

Hence we see that h is half the difference between the elongations in the 
directions of the axes of |' and rj'. 

4. In a given strain find the general condition that the angle between two 
rectangular lines, OF and OQ, should be unaltered by the strain. 

They must be the axes of the corresponding section of the strain ellipsoid, &c. 
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Section III. — Strain in Curvilinear Coordinates. 

29. Orthogonal Curvilinear Coordinates. — In some 
cases it is necessary to be able to express the constituents of a 
strain in polar or in some other system of coordinates which 
are not linear. 

Thus, in general, if we suppose the equations 

h i^9 y> «) = Pij 02 {^, y, %) = /t>2, 03 {x, y, z) = ps, (1) 

where /oi, p2, ps are arbitrary constants, to represent three 
systems of mutually orthogonal surfaces ; then, for any point 
ocyz^ the variables /Oi, /02, ps may be called its curvilinear coordi- 
nates. 

In this case the surfaces pi = const., pg = const., p3 = const., 
represent three orthogonal surfaces, which may be denoted by 
/81, /S2, S3, respectively. 

For instance, in polar coordinates we have 

r = y^TTT?, = tan-^ ^ = tan"^ '^- ; (2) j 

I 
then r = const, represents a sphere, Q = const, represents a 
right cone, and = const, a plane. It is immediately seen that 
these systems of surfaces are mutually orthogonal. i 

Again, a system of conf ooal surfaces of the second degree 
intersect orthogonally ; and so on in other cases. 

Let us now suppose such an orthogonal system drawn 
through any point P ; and let dsi, ds^, ds^ be elements at P of 
the orthogonal system of curves in which they intersect. 
Then, since p2 and pa are constant along the element ^1, &c., 
we see that we must have 

dsi = kidpiy dSi = kidpiy dsz = k^dpz, (3) 

where ki, kz, h are functions of pi, p2, ps- 
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It should be observed that the element dsi is normal to the 
surface Si. 

Again, let limiUi be the direction cosines of the tangent at 
P to ds I, relative to the coordinate axes OX, OF", OZ; also, 
let ^^2^2 be the corresponding cosines for ds2y and hnhn^ 
those for ^53. 

Then, since the curves cut orthogonally, we have the 
system of equations 

IJ2 + ntiniz + W1W2 = 

/i4 + ^iWia + W1W3 = ■; (4) 

lilz + nhnh + n-iH^ = ^ 
and also 

lifn2 - Wi4 = W3, l^nii - mzh = n2, ^'^^ - h^2 = Wi> (5) 

with similar equations, got by interchange of suflSxes. 

80. Equations of Transformation. — Next, let ^p be 

any function of the coordinates, and we have 



d\p dsi d\p dSi d-ip ds^ d\p 

dx dx dsi dx dsz dx ds^ 

d^p dxf, dxfj 

dsi dSi aSs 

d\L d\L d\L d\L 

dy dsi dSz dsz 

d\L d\L d-dj d\L 

az asi ciSz asz 



and 



> 



(6) 



Also 



ki dpi 

i^ 
k2dp2 

IdxP 
hi dpi 



djP 
dsi 

d^ 
ds2 

djP 
dSi 



d\L diL d\L 

dx dy dz 

d-dj ddj ddj 

dx dy dz 

, d\L ddj d\L 

dx dy dz 



>• 



(7) 
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Again, if by means of (1) we regard x^ y^ z as functions of 
pi, /02 and /03, we have 



dx ^ dx ^ dx 

dpi dsi dp2 



— l2f^2y 



dx 
dp» 



V^fC^, 



(8) 



31. Theorem of Dapin. — The following remarkable 
theorem was established by Dupin : If three systems of surfaces 
be such that every surface of one system is cut orthogonally by 
all the surfaces of the two other systems^ then the intersection of 
any two surfaces of different systems is a line of curvature on 
each (Dupin, Developments de Giom^trie^ 1813, p. 330. See also 
Salmon's Geometry of Three Dimensions^ p. 270.) From this 
theorem we see that dsi is an element of a line of curvature on 
each of the surfaces 82 and 83 ; in like manner ds2 is an element 
of a line of curvature on the surfaces 81 and Sa, &c. 

Hence the normal at P3 to the surface 81 intersects PO 
the tangent to PPi. 




Again, the direction cosines of P3O are 

dli J dmi . dni , 

/i + 3- dSi^ Wi + -3- dszy Wi + -;- asa ; 
asz asz aSs 

but, since PO and P3O intersect, P3O is perpendicular to 
the line /2, m2, Wa ; and accordingly, by (4), we have 



dh 
4 3- + W2 
as^ 



dmi dni 



ds^ 



ds9 



0. 



(9) 



And a system of similar equations can be found by inter- 
changing suffixes. 
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32. Expressions for Radii of Curvatare. — Again 
the angle between P3O and the tangent PT is equal ta 



TT 



^ + PiOPf and accordingly 

hih + -rdsA + ma (mi + -7-^^53) + ^3(^1+ -r-^dsz 
\ oss y V ««3 y \ dsi 



= -8inP30P = - 



dsz ^ 
'OP' 



hence 



, dli drrii dui 1 

OSa aSa aSa OP 



Accordingly, we get, by aid of (4), 



dh 
dsz 



drriz 
dsz 



, ..-o o dn 



C^Sa OP' 



Let us now represent the principal radii of curvature at 
P for the surface 81 by the notation 2-^1, s^Ji, where 2R1 corre- 
sponds to the element fl?S2> and afii to o^Sa ; and we have 



, dh drriz dn^ 1 

aSz asz aSz z-tCi 



(10) 



with corresponding expressions for the other principal radii 
of curvature at P. 
Again, since 

d^x d^x 



we get, from (8), 



hence 



dpidp2 dpzdpi 
± m = |- (WO ; 



*i TT (^2*2) "^^ ds ^^^^^^ 



hi — (nji^ = *2 3- (wiAi) 



>. 



(11) 
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If we multiply the first of these equations by /i, the second 
by niiy and the third by Wi, we readily get, by addition, 

, f y dli dniz dnA dki 

kAli—+ nil -7— +ni-—) =-- ; 
\ dsi dSi dsij dSi 

hence, from (10) we have 

1 _ dli dnii dui 1 dki ,-^, 

1E2 . dsi dsi dsi ki dsz ^ 

along with similar equations got by change of suffixes. 

33. Expressions for Displacements. — We shall now 
proceed to express the strains for any body in curvilinear 
coordinates. 

We represent, as before, by w, v, w^ the small displace- 
ments of P relative to the coordinate axes OJ, OP, OZ: also 
by Wi, thy W3> the corresponding component displacements 
of P relative to the directions of the tangents at P to efei, 
</s2, dsz^ respectively ; then we have the following equa- 
tions 

u = hUi + /2W2 + hUi 



W = Wi^i + WaWa + W3t«2 



(13) 



and also 

Ui = liU + miV + niw 

U2 = hu + m2V + n2W l". (14) 

Uz = hu + mzV + n^w 

Again, if pi, J02, pz be the curvilinear coordinates of P 
before the strain, and pi -»- a, p2 + 02, p3 + as its coordinates 
after the strain, then, by (3), we readily get 

tti = kiUi, U2 = ^202, W3 = k^az, (15) 

These equations enable us to express the relations be- 
tween the strains in terms of the displacements, aiaaos. 

34. Transformation of Mormal litrains. — Let, as 
before, abcfgh be the constituents of the strain at P relative to 
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the axes of a?, y, z. Also let aihiCifxgJii be the corresponding 
constituents relative to the tangents to dsi^ da^^ dsz^ respec- 
tively ; then, by (15) Art. 10, we have 

tti = all + hnii + crii + 2fmini + ignji + 2hlimi 
, /, du du du\ /, dv dv dv\ 



+ 
but 



f ^ dw dw dw\ . du dv dw . ,„. 



hdu d(uli) dli - 

= — -^ — - — u — , &c. ; 

^1 dsi dsi 



hence by (14), 



7 

dui f dlx 
dsi \ dsi 



dmi dui 
dsi dsi 7' 



also, by (13) and (9), 



dli dmi dfii 
asi asi asi 



(jdh 



dnii dfii 
asi as 



J) 



dmi dnA 
asi asij 



U2 th 

lX?2 1-^3 



Hence we get 



ai = 



dui Ut 
dsi iRz 



th_\ 
1-B3 



- __ dUi u% Ui 
ds% iBz 2-Ri 



(Ji = 



duz Ui U2 
dsz zRi zR%i 

D 



(16) 
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35. Shearing Strains. 

Again, by transformation of coordinates in the equation 
of the elongation quadrio (Art. 10), we readily get 

rt, , /, du du du\ ,/, du du du^ 

2hi = /i /a 3" + W2 J- +W3:i- + ^ari :r + ^1 T" + ^1 :r 

\ ax ay az J \ ax ay az 

/, dv dv dv\ f , dv dv dv" 

-^mAh J- +m2— + n2^] + m2[h— + rni■J■+nl-J- 
\ dx dy dzj \ dx dy dz 

f , dw dw dw\ /, dw dw dw" 

\ dx dy dz J \ dx dy dz 

, du , du dv dv dw dw 

= li-y- + h^- + fni— + m2-r- + ni-=-'¥n2-j- 

dSz asi aSi asi aSi asi 

dui du2 fdli dhX fdmi dm^ fdui dn^ 
~ dS'i dsi \ds2 dsij \d82 dsi J \ds2 dsi 

Hence, by aid of (9), (10), and (13), we get immediately 

dui du2 Ui U2 \ 
082 as I \-t^2 2^1 



^ duz ^wx 
^9i^ -j-^ -TT-^ 



dui 
dsi ds^ 



U3 Ui 



r 



(17) 



^^ du2 duz U2 W3 

aSi as2 2-tCi 3/^2 / 

These shears when transformed by (12), lead at once to the 
following : — 

ds2\k2j ^ d82\kz 



^dsi\kz) ^dsz\ki^ 



}' 
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By equations (3) and (15), these may be written in the 
Dllowing simple form : — 



kz dpz hi dp2 



kz daz ki dai 



ki dpi kz dpz 

-. - ki dai ki daz 
2hi = -=- -z— + rr 



V 



(18) 



kz dpz kidpi J 

36. Case of Uoiplanar litrain. — In this case the 
lisplaoements are all parallel to a fixed plane, which may be 
aken as that of xt/. Also, we may take pz = z, and 

/t>i = 0i(a?, y), p2= <pi {OP9 P)f 

yhere 0i and 02 represent two orthogonal systems of cylin- 
Irical siuf aces. Again, since the displacements are parallel 
the plane of a?y, we have W3 = 
Also, 

A- = o, 4=0. 4 = 0, -^=0. 

l-LlZ 2-"3 Z-'^2 3^1 

Hence, if Bi and JRz be the radii of curvature at P of the 
jurves 01 and 02, we have Ci =/i = ^1 = 0, and 

dui Uz r duz Ui dui duz Ui Uz .^^x 

1".' ^*' °d^^d^ ''s,'^ b: ^^^^ 



(iSi Jxz ^^2 

37. Strain in Polar Coordinates. — In this ca8e||we 
lave 

ar = r8in 0COS0, y =» r sin 6 sin 0, s = roos6, 
yso 

dsi = dvj dsz = rdOj dss = r sin 0rf0, 

iccordingly 

Ai = l, A-2 = r, kz^r sinO. 



Again, we see immediately that 

ijR% 1JX3 sifs 2X^1 zRi T • $Itz 

D2 



cotd 



36 Strain in Curvilinear Coordinates. 

Let us now suppose that the coordinates r, d, ^ become 
after strain r + ai, 6 + a2, + 03, then we have 

Wi = ai, W2 = ra?, W3 = ra^ sin 0, (20) 

and the constituents of the strain become 

dai , doz ai da^ Oi i. n ^ 

88. Strain in Cylindrical Coordinates. — In this case 
the coordinates are r, 0, and z, and 

a? = r cos 0, t/ = r sin 0, dsi = cfr, r/sa = rdO^ ds^ = (fe. 
Hence we immediately have 

dai , da2 f^i m. 1 ^oi ^cf2 

'"''IF' *'=^^?^^'=;^^^^' . 

c?M? ^ 1 dw doi -J c?ai dw 

39. Itemnia. — The following relation will be found of 
much utility in transformations from ordinary to curvilinear 
coordinates, viz. 

d\L d\L , d\L , d\L 

dz dy d82 dsz 

where \p is any function of xyz. 
By (6) we have 

d\L d\L 

dz dy 

(, d\L d\L d\L\ ( d\L dyL d\L\ 

\ dsi dSi dszj \ dsi ds^ ds^J 
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Similarly 

cbL - dxL dxL d\L , d\L d\L d4j ddt 

dx dz dSi dsz dy dx dsz da^ 

40. Tortex Displacements. — If the angular displaoe- 
lents of the strain at P, relative to the directions dsi^ dsz^ 
S3, be denoted by 0i, 02, 03, respectively, we have 

01 = I1O1 + mi 02 + til 03 

02 = hOi-h nti 02 + W2 03 ^ , (24) 

03 = 4 VI + fits 02 + ^3 03 

nd also 

"i = li 01 + I2 02 ^" ^3 03 

02 = Wi 01 + ^2 02 + ^303 } . (25) 

03 = Wl 01 + W2 02 + W303 

Accordingly, by (23), we have 

^^ , dw dw dv , dv du du 

201 = /i -^ - mi — + Wi-T- - ^1 T- + Wi — - Wi ;5r 

dy dx dx dz dz dy 

- du dv dw , du dv dw 
^h — + mz'j- + rh—-l2 ^--^2-3^ — fh;^-. 
a82 dSz dSi asz asz asz 

gain, 

du d . . dh o 

h-j- = -r (^y " ^ 3~> ^^' 
aS2 aS2 ciS2 

[ence, by (14), 

_rfw3 du2 fdk dh\ fdm2 dm^X f dth dn^ 
d82 dsz \dsz dsz) \d8s dsz J V^Ss ^^2/ 

: we substitute from (13) for Uj t?, Wy in terms of «*i, «2, Wj* 
e immediately get, by (10), 



2e ^^^^ + JfL 

US2 (I83 2<^S 3-^^ 
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By (12), this may be written 

29 =1 ^(^»^») _ i ^ (^ ^a) ^ ^ fd^hk^ _ rf(W2Aa)\ .gg. 

As d82 k2 dsz k2kz\ dp^ dpi )' 

In like manner, we get 



29 = — ( ^^^^ _ ^(wi^)\ 



Hence we see that the conditions in curvilinear coordinates 
for a pure strain are 

d[ui ki) _ d[uzk^ d[u2k^ d (wi Ai) d (ws k^ d{u2 h) ,n7\ 
dpz dpi ' dpi dp2 ' fl^/oj dpz 

This result might have been anticipated since it expresses 
the condition that 

ujcidpi + Uihidp^ + uJhdpz 

should be an exact differential ; and it is easily seen that this 
follows from the property that udx + vdy + wdz is an exact 
differential in the case of a pure strain. 



Examples. 

1. In any strain Mix'y*z\ the coordinates of the strained position of a point 
%y%, be given by the equations 

dF , dF ^ dF 

where J* is a function of xyz, show that the strain is a pure strain. 

2. In th6 same case prove that we must have 

, dF* - dF* , dF* 

*-^+^' *'=«'+^' *=*+&-' 

where F' is a function of x'y'tl. 

Show also that ^and ¥ are connected by the equation 

2?' + 2?"=-Ji>2 4.const., 
xtrhere 
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3. In curvilinear coordinates prove that 

udx + vdy + todz = u\ dsi •{■u%d82 + uz dsz. 

4. Without assuming the equations of Art. -34, show directly that the conden- 
sation A is equal to 



iui du2 duz_ /_1^ JL\_ /JL J_\ /i_ JL\ 

i8l^d»2'^d8z "' \2lti "^ 3i?l/ **' \l^ "^ 3i2a/ " "* \liJ3 "*" 2Bzl ' 



6. Prove that 



d^pi . rf^pi , dl^pi 1 <? /A;2A;3\ 
dx^ dxp" dz^ kzkz dsx \ hi f 



6. More generally show that, if F be any function, 

dx^ '^ dy^ ^ dz^ ~ d8i^ "*' efoj^ "*" tfos* "" dsi \^Bl "*" sijj 

-—(— + —) -^f— + — 1* 
rf«2 \1-R2 3-R2/ dsz \\Itz iltzj 

7. This admits of being written also in the following form : — 

v»r= -L 1 (k,h ''ru — - (hh ITU JL £ fj.j, ir^ . 

^2^:3 dsi \ dsi I kzk\ da^X ^2 / Jcikz d8z\ dsz/ 

8. Give a direct proof of the last equation. 

9. In the case of polar coordinates, prove that 

^ W/ rfF\ 1 d f . dV\ 1 d»F 

^ ^"r^drX dr ) "^ r^BmO de\ dO ) "*" r^sin'a rf0«* 

10. If A be the cubical dilatation, prove that 

I d {kikikz ai) d {kikzkz 02) d{kik2kz 03) ) 



^iA:2A;3 



id {kikikzaij d {kik2kza2) d{Xik2kza9} j 
dpi dp2 dpz ) 



11. In a pure uniplanar strain if the equipotential curves be represented by 
the equation r" cos n0 =■ constant, show that the displacement lines are represented 
by r» sin n0 = const. 

12. OF, OQj on are three rectangular lines drawn in an elastic body. If 
we suppose the body to receive a small strain, and that, while OF is fixed, the 
directions of OQ and 0£ are made to vary, prove that the sum of the squares of 
the shears of the angles FOQ and FOB is constant. 

13. Hence show that the shear for the angle POQ varies as the cosine of the 
angle that the plane FOQ makes with a fixed plane. 
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CHAPTER II. 

Stress. 
Section I. — Homogeneous Stress, 

41. Stress. — We now proceed to consider the forces of 
elasticity which are brought into play when a body in equi- 
librium is in a given condition of strain. In such case any 
portion of the body may be regarded as in equilibrium under 
the influence of the internal and external forces which act on 
it. The 'forces over its surface which any portion of the 
body experiences from the action of its surrounding matter 
are called the superficial stresses on that portion. Also, since 
the equilibrium of any portion of a body is unaltered by 
conceiving that portion as being perfectly rigid, the general 
equations of equilibrium for a rigid body apply to eveiy 
portion of an elastic body in a given state of strain, when all 
the forces which act on it are taken into account. 

The student should observe that in all our applica- 
tions, unless the contrary is stated, we assume that the bodies 
continue perfectly elastic (see Art. 1) within the limits of 
stress and strain involved in the investigations. 

42. Homogeneous litress. — The stress on any plane seo- 
Uon is homogeneous when it is uniformly distributed over the 
section ; in this case each element of the area bears a propor- 
tional paxt of the whole stress. Accordingly a stress is 
said to be homogeneous when equal and parallel portions 
of the body experience equal and parallel stresses on all equal 
and parallel portions of area. Also, since in this case the 
stresses at each point of any plane section of the body are 
parallel, we see that the stresses on any plane area in the 
interior of a body have for their resultant a single force, 
applied at the centroid of that area. In all cases the stress 
on any plane area is estimated by its amount per unit of area. 
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43. Conditions of Equilibrium. — Suppose any rect- 
angular parallelepiped taken in the inte- 
rior of an elastic body, with its edges 
paraUel to a system of rectangular axes ; 
and let a be the length of its edge paral- 
lel to the axis of x, b that parallel to y^ 
and c to z. 

Now, for a homogeneous stress, in 
considering the equilibrium of the paral- 
lelepiped, we may suppose the entire stress action on any 
face as applied at the centre of that face. 

It will be shown subsequently that for a homogeneous 
stress the external forces which act on the parallelepiped 
must be wholly superficial. 

Accordingly we may regard the parallelepiped as in 
equilibrium under the action of three pairs of equal, oppo- 
site, and parallel forces, applied respectively at the middle 
points of its six faces. 

Again, the stress on any face may be resolved into three 
components parallel respectively to the edges of the parallel- 
epiped. Suppose these, for the face aby when referred to unit 
of area to be denoted by Co, Cby Cc, respectively ; and adopt a 
corresponding notation, Aa, AhyAc, Ba, Bh, B^ for the stresses 
on the other faces. Of this system the stresses Aa^ Bb, Cc are 
normal to the corresponding faces, while the others act in the 
planes of the faces, and are called tangential ot shearing stresses. 

44. Relations between the Tangential Stresses. — 

Let us now draw a rectangle pass- 
ing through the middle points of N ^a M 
two pairs of opposite faces. Let 
KLMN be such a rectangle, paral- 
lel to the plane of -xz ; then, confining 
our attention to stresses parallel to 
that plane, we denote them per 
unit area by Cay Ac as in the figure ; 
omitting the normal components 

which are equal and directly opposed. Accordingly the 
pair of equal and opposite forces Ca x cth^ at the distance c 
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apart, must be in equilibrium with the pair Ac x be at the 
distance a apart. Hence 

Ca X abc = -4<. X abcy 

we consequently have 

Ca = Ae9 and also -Be = Ci, -4& = -Ba. (1) 

Hence we infer that for any pair of mutually rectang^ular 
planes the stress action on either plane, in a direction per- 
pendicular to the other, is the same for both planes. 

We thus see that in homogeneous stress the entire stress 
action on the surface of a parallelepiped is equivalent to 
three pairs of equal and opposite normal forces, along with 
three pairs of tangential or shearing forces, in- these faces 
respectively. 

From analogy to the notation already adopted for a 
strain, we shall denote these stresses by the letters 

A, B, C, F, G, H. 

Of these A, B, C are normal stresses, and the others tan- 
gential. 

For instance, F= Bc= Cb represents, per unit of area, a 
shearing stress perpendicular to x, in the plane of x^ ; and 
also an equal shearing stress perpendicular to x, in the plane 
of xz. Similarly for the stresses G and JGf. 

If the exterior normal stress A acts outwards on the face 
of the parallelepiped, it is called a traction ; if inwards, it is 
called a pressure. It is evident that a pair of equal and 
opposite tractions tend to elongate the corresponding edge 
of the parallelepiped, and to produce a positive strain, or 
increase of strain. The stress A is accordingly positive when 
it is a traction, and negative when a pressure, A traction is 
sometimes called also a pull, and a pressure a push. To an 
external stress A always corresponds, as already stated, an 
equal and opposite internal stress, arising from the elasticity 
of the body. 

45. Stress on any Plane. — Suppose any plane drawn, 
intersecting the edges of the parallelepiped in LMN^ respeo- 




Stress on any Plane, 43 

tively ; and let us consider the equilibrium of tlie tetrahedron, 
under the action of the stresses on 
its four faces. 

Let T denote the stress, per unit 
area, for the face LMNy and let 
A/tiv be the angles that the direc- 
tion of T makes with the directions 
of the corresponding edges. 

Also let ajSy be the direction 
angles of the perpendicular to the 
plane LMN. 

Then resolving the stresses parallel to the edge PLj we 
have, for equilibrium, 

Ta cos a = -4 A cos a + JJA cos /3 + G^A cos 7, (2) 

where A represents the area of the triangle LMN» 

From this and the corresponding equations we have 

Tcos A = -4 cos a + J? cos j3 + G^ cos 7, \ 

Tcos /x = jETcos a + -B cos j3 + -P cos 7, > (3) 

Tcos V = G^ cos a + -P cos /3 + C cos 7. ) 

These equations enable us to determine the stress T both 
in magnitude and in direction. 

If we now suppose the plane to pass through P, these 
equations still hold good, and enable us to find the stress on 
any plane drawn through P. 

Again, if we suppose each edge of the tetrahedron to 
become indefinitely small it is readily seen that equations 
(3) still hold good even when external forces are supposed 
to act on the volume of the tetrahedron. 

For let Xdrn^ Ydm^ Zdm represent the components of 
the external force which acts on dm, the elementary mass of 
the tetrahedron; and let dm = pdVy where o^F denotes the 
volume of the tetrahedron. 

Then instead of equation (2) we should have 

TA cos a = AA cos a + jETA cos /3 + G^A cos 7 + XpdV, 

or dV 

Tcos A = -4 cos a + jETcos j3+ G^ cos 7 + Xp -— • (4) 
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Now, let p be the distance of P from the plane LMN, 
then by the ordinary expression for the volume of a tetra- 
hedron we have 



dV 
rfF=^M» or— =Ji>. 



dV 



Henoe — vanishes along with p ; and we see that equations 

(3) still hold good when external forces act on the body, for 
pressures at the point P on any plane drawn through P. 

46. Consdtaents of a Homogeneoas Stress* — From 
equations (3) we see that for a homogeneous stress the stress 
on any plane is completely determined when the direction of 
the plane is given, as also the stresses ABCFOH ; accord- 
ingly, as in the corresponding case of strain, these six quan- 
tities may be called the six constituents of the stress. 

47. litress iiuadric. — Again, as in the corresponding 
case of strain, equations (3) readily admit of geometriod 
interpretation. 

For, let the quadric 

U^A^ + B^^ + CV+2Fnl^2Gi:i^2HKn^E: (5) 

be taken ; then, to find the stress on any 
plane, let PQ, drawn normal to the 
plane, intersect in Q the quadric ?/, 
and let PN be perpendicular to the 
tangent plane to tf^ drawn at the point 
Q, whose coordinates are ^, f)y t^; then, 
by equations (3) we get, as in Art. 16, 

. dU dU dU ,^, 

cos A : COS li : COS V = -T;r : -7- • ^v-. (6) 

d^ dri dZ 

Hence we see, as in Art. 16, that PN is the direction of the 
resultant stress T. 

Again, let PQ = r, PN = Pt and we get, from (3), 

Tr oosX = AZ + Hfi+ GK, 

TrQo%fx^Hl + Bn + FZ, 
Tr cos 1; = (75 + Pi, + C?. 
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lence Tr {^ cosX + ri gob fx + Z cos v) = JBT, 

r r= -. (7) 

Again, if N be the stress normal to the plane, we have 

iV^=2'- = ?- (8) 

^his may be written 

N^A oos*a + B eos*j3 + Coos^y + 2Fqo& j3 cos y 

+ 2(? cos 7 cos a + 2-2" cos a cos )3. (9) 

Again, ii N = the corresponding normals lie on the 
symptote cone to the stress quadric U. 

From the foregoing property this cone (when it exists) is 
ailed the cone of shearing stress ; and the stress action on a 
lane, perpendicular to any edge of this cone, reduces to a 
bearing stress solely. In order that this cone should exist 
tie stress quadric must be an hyperboloid. 

Again, the lines for which the normal stress is constant 
E) lie on the cone 

+ 20ZK + 2mv = 0. (10) 

Compare Arts. 10 and 16.) 

48. Principal Stresses. — In order that the stress T 
lould be normal to the plane on which it acts, the line PQ 
Lust be normal to the stress quadric, i. e. PQ must be a 
rincipal axis of U. Hence we see there are in general 
iree, and but three, planes at any point for which the whole 
iress is normal to the plane. These planes are called the 
rincipal planes of the stress, and the corresponding stresses 
re called its principal stresses. 

To find the principal stresses, let A = a, /i = /3, v = 7 in 
luations (3), and we get by elimination 

H, B-T, F, =0. (U) 

O, F, 0- r, 
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The roots of this equation represent accordingly the principal 
stresses. 

The stress quadrio when referred to its axes may be 
written 

E,V + -B,„' + ^sP = iT, (12) 

in which Ei, J?25 ^3 represent the principal stresses. 

In this case equations (3) assume the following simple form 

T cos X =-&i cos a, T cos /I = J?2 cos j3, Tcos v = JS^ cos y. (13) 

49. Invarianto of the Stress. — ^Again, as in Art. 18, 
the quantities 

A + B+CyAB + AC^^BC-F'-G^-H', 

and the determinant 

A, S, O, 

H, B, F, 

G, F, C, 

are invariants of the stress. 

50. Cniplanar Stress. — Whenever the forces and 
stresses are all parallel to one plane, we may take that plane 
as the plane of ^17, and the equation of the stress quadrio 
becomes 

^? + Bn^ + 2HJ^n = K. (14) 

In uniplanar stress one root of (11) must be zero, and con- 
sequently the determinant A = 0. 

EXAHFLES. 

1. Prove that a shearing stress on two rectangular planes produces equal 
normal stresses, of opposite signs, on two planes which bisect the angles betweep 
the given rectanguls^ planes. 

This follows from the property that the equation 

when transfen-ed to its axes, becomes 

(See Art. 10.) 

2. If ^, ^, ^be the constituents of a uniplanar stress, find the correspond- 
ingprincipal stresses. 

Here we have 

£i + B2 = A-^B, eLndEiEi^AB-m, &c. 
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Section II. — Heterogeneous Stress. 

51. Heterogeneous Stress. — In the general ease of 
elastic solids, subject to external force, the stress action on 
any plane element supposed taken in the interior of the body 
varies from point to point in the plane. We shall assume 
that such stresses are continuous quantities, i.e. we suppose 
that the differences between the components of stress on two 
equal small areas, taken indefinitely close to each other in a 
plane, are very small in comparison with the stresses them- 
selves. Hence, if we neglect small quantities, we may suppose 
that the distribution of stress is constant over a very small 
plane area dS. Accordingly, as in the corresponding case of 
strain (Art. 20), we may treat the stresses as homogeneous 
throughout an indefinitely small volume. For instance, the 
whole normal stress on the elementary area dydz at a point P 
may, as in Art. 44, be denoted by A dydZy where A represents 
as £fore the stress uniformly dfstributed over a unit^of area. 

We thus see that we may still denote the constituents of 
stress by the letters ABCFGH. provided we regard these 
quantitiis as vaxying from point to point in the soUd. 

Thus we readily see that equations (3) for the stress at P, 
on any plane element passing through P, still hold good. 
Also that the properties derived from the stress quadrio at 
any point are applicable to heterogeneous stress. 

Again, we can proceed from the properties of homogeneous 
to those of heterogeneous stress, in the same manner that in 
Chapter I. we proceeded from homogeneous to heterogeneous 
strain, provided we consider the stresses ABCFOH as vary- 
ing continuously from point to point, i.e. as functions of the 
coordinates of the point. 

52. Equations of Equilibrium. — We next proceed to 
determinis the general equations of equi- ^ 
librium. At any point P, whose coor- 
dinates are xyz^ suppose an indefinitely 
small, rectangular parallelepiped drawn, 

the lengths of whose edges are repre- y^ [— t'Q 

sented by Aa?, Ay, and Az, then by our ^ 
previous notation the normal stress on 

the face RPS is represented by AAyAz; and the tangential 



p 



48 



Heterogeneous Stress, 



stresses by JS Ay Az and OAy Az ; and similarly for the stresses 
for the faces BPQ and SPQ. 

Again, since -4 is a function of xyz, the components of trac- 
tion, per unit of area, on the face which is opposite to RPS are 



^■^S^^' 






G^-T-Ax, 

ax 



since x is the only coordinate which is supposed to vary in 
this case. The components of stress on the other faces can 
he likewise expressed. 

Hence, for the equilibrium of the elementary parallele- 
piped, there must be equilibrium between the stresses 
acting on the faces of the parallelepiped and the external 
forces acting on its element of mass. Accordingly the entire 
stress action parallel to the axis of x must equilibrate the ex- 
ternal force, Xdm, parallel to that axis. Again, the equal and 
opposite forces, A AyAZy &c., equilibrate ; and we see that the 
entire stress action parallel to the axis of a; is represented by 

idA dH dO\ 

equating this to Xdnij i.e. to Xp Ax Ay Az^ and taking the 
corresponding equations for the other axes, we get 

dA dff dG ■x-_Q^'^ 
dx dy dz ^ ' 

dS dB dP __ . 

dO^dP^dC ^^ 
dx dy dz 

In the particular case of uniplanar stress, parallel to the 
plane of xy suppose, these reduce to 

dx"" dy ""^ ^ ' y /o\ 

— + — + F=0 
dx dy 
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It should be observed that in the foregoing proof we 
have throughout neglected forces which are infinitely small 
in comparison with those retained. 

53. Relation between Stress and Strain. — For an 

elastic substance in equilibrium, under a constant tempera- 
ture, any state of strain at each point corresponds to a certain 
state of stress at the point. Also, when the strain at any 
point is given the corresponding stress at the point may be 
regarded as perfectly determinate for a given substance, 
depending on the nature of the substance, &c. We may con- 
sequently, for any substance, regard the stresses ABCFOM 
as functions of the strains aftc^^ along with constants depend- 
ing on the nature and properties of the substance. We shall 
show subsequently that for the small strains of a perfectly 
elastic substance the stresses may be taken as linear functions 
of the strains. 

64. liines of Stress. — In Art. 48 we have shown that at 
each point in an elastic body there are in general three direc- 
tions for which the corresponding shearing stresses disappear, 
viz. the directions of the axes of the corresponding stress 
quadric. Suppose PP' to be an element taken on one of 
these principal axes at the point P ; again let P'P" be a 
corresponding element at P', &c., we thus see that we can 
draw a continuous curve pp^ p^'p'" , . . composed of such 
elements. 

By this means we can conceive three systems of such 
curves drawn in space : these systems plainly cut everywhere 
orthogonally ; and if we consider an elementary volume 
whose conterminous edges are respectively elements of this 
system of curves, the corresponding elementary volume is 
approximately a parallelepiped, and the stress over its surface 
consists solely of normal tractions across the corresponding 
faces of the elementary volume. 

The curves here indicated are called lines of stress. The 
difEerential equations of a line of stress are readily seen, from 
Art. 46, to be 

Adx+Hdy + Odz ^ Hdx + Bdy-^Fdz _ Gdx + Fdy+Cdz ,^. 
dx dy dz ' ^ ^ 
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55. Spheroidal and IJiiiplanar Stress, Ranklne's 
Constraetioii. — If a plane passes through one of the principal 
axes of the stress quadric, the axis of ^3 suppose, equations 
(13), Art. 48, with a slight change of notation, may be written 
in the simple form 

r cos X = JSi cos 0, Tsin X = -&2 sin 0. (4) 

These equations lead immediately to a remarkable constmo- 
tion for the magnitude and direction of the stress on any 
plane through a principal axis. 

For, let OA and OB be taken to represent in magnitude 
and direction the stresses JEi and S29 respectively ; and let 




jBQ be the trace on the plane A OB of any plane passing 
through the axis oiJS^ ; then, to construct Tthe stress on this 
plane, draw 00 perpendicular to JRQ, and measure OC re- 
presenting the force J (£^1 + E2) ; draw CM= 00, and produce 
it to meet OB in X, then LM =200= 0A+ OB. If we take 
LP = OA, and join OP, then we can show that OP represents 
the stress T both in magnitude and direction. 
For we have from the figure 

OP sin POM^PMsin 0, OP sin POL = PL cos ^. (5) 

Hence, from (4), we see that POM=X, and OP = T. 

Accordingly, P is the resultant of the force i {Ei + E^, 
normal to the plane, along with the force ^ (^1 -^2) acting 
parallel to the line LM. 

Again, if x, y be the coordinates of P, equations (6) give 
at once 



OA^ OB" 



(6) 
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This shows that the point P lies on the ellipse whose semi- 
axes are -&i and E2. By aid of this ellipse the stress on any 
plane which passes through an axis of the stress quadric can 
be found when the principal stresses are known. 

Again, when two of the principal stresses are equal, the 
preceding method enables us to determine the stress on any 
plane. 

For, if we suppose JS2 = -B3, then any plane may be 
regarded as passing through a line of principal stress : for 
the line in which the plane intersects the plane of equal 
stress may be taken as the direction of an axis of the stress 
quadric. 

Accordingly, the preceding results apply to the determi- 
nation of the stress on any plane whenever the stress quadric 
is of revolution, such a stress may be styled a spheroidal 
stress. 

Again, in uniplanar stress it is obvious that this method 
enables us to determine the stress on any plane. The fore- 
going construction is due to Rankine : see his " Applied 
Mechanics," pp. 101-112. 

It is readily seen that the directions OP and OQ are 
conjugate to each other, i. e, that the stress on the perpen- 
dicular plane passing through OP is in the direction OQ. 

This follows at once from the equation 

tan X _ jBz 

tan " El 

for if we take the corresponding equation for any other plane 
we have 

tan A tan X' ,^, 

I = I 7- (7) 

tan tan 

Hence, if 

^' = ^TT + X, we get X' = izr + 0, 

which proves the relation. 

Such stresses have been styled conjugate stresses by 
Bankine. Also, if T and T be the stresses corresponding to 
such a conjugate pair of planes, we immediately see that 

rr = E, E2. (8) 

E2 
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The ellipse whose axes are OA and OB has been styled the 
ellipse of stress by Rankine ; and the whole theory of the dis- 
tribution of spheroidal and of uniplanar stress reduces to the 
discussion of the properties of this ellipse. 

Again, the angle COP is that between the direction of 
the resultant stress and the normal to the plane on which it 
acts. This angle is called the obliquity of the resulting stress 
when the principal stresses are like. This obliquity is plainly 
a maximum when the angle OPC is a right angle. Also, if 
y denote its maximum value, we have 

El — M2 

f = 5-^^. (9) 

jBi 1 + sm y ^ ' 

Again, we have in this case 

T^ = ^iJ?2. (10) 

Hence T is a mean proportional between the principal 
stresses. 

Also, in the same case we have sin y = cos 2^. 

Consequently, 

E2 1-CO820 , , 

w = 1 o = tan*0. 

El l + cos2^ ^ 

This determines the position of the plane for which the 
resultant stress makes the greatest angle with the normal to 
the plane. 

One important application of Rankine's construction is to 
the consideration of the stability of earthworks. Thus, from 
the elementary consideration of friction it appears immediately 
that the surface of a mass of loose earth under the action of 
gravity can only remain permanently at rest when the inclina- 
tion tor the horizon of the tangent plane at each point on the 
surface is less than, or equal to, the angle of friction for 
the loose earth. The angle of friction is accordin gly called 
in this case the angle 0/ repose of the earth. we shsdl 
denote this angle by e. 
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Again, for the equilibrium of any particle in the interior 
of the loose earth it is evident that if the obliquity of the 
resultant stress on any plane drawn through the point is 
greater than the angle of repose, slipping will take place 
along the plane. 

Consequently, in order that the earth should be undis- 
turbed at any interior point, it is necessary that the maximum 
obliquity of the stress at the point should not be greater than 
the angle of friction, i. e. y must not exceed e. Hence, assum- 
ing the stress to be spheroidal, and that Ei and E2 denote the 
principal stresses for the loose earth at the point, we must 

have -^ not less than :; ; — ; or, in the limit, 

J^i 1 + sin £ 



JB2 _ 1 - sin € 
jEi " 1 + sin €* 



(11) 



where e is the angle of repose. 

For earth whose upper surface is horizontal the vertical stress 

at any interior point cannot exceed ^the weight of the earth, 

and the horizontal stress may be assumed to be the same all 

round at the same point. In this case if the horizontal 

1 • 

stress be not less than = ; — W. the loose earth cannot 

1 + sine 

spread. On the other hand, if the horizontal stress be less 

than ' : — W, the earth cannot heave up. 

1 - sm 6 ^ 

For example, to find the least depth, consistent with 

equilibrium, to which the foundation of a wall should be 

sunk in loose earth. 

Let d be the depth of the f oimdation, h the height of the 
wall over the surface of the ground, and w the weight per 
unit volume of the wall, then we have Ei=^ w{h -\- d). Hence 
the limiting value of JB2, the horizontal stress, is given by 

_ _ 1 - sin 6 .. ,. 1 - sin € ,-^. 

E2 = El z : — = w (h+ d) ^ ; — . (12) 

1 + sm £ ^ M + sm £ ' 
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Again, for the earth adjacent to the wall, the vertical 
pressure at the depth d is represented by Wi d, where Wi is the 
weight of a unit volume of the earth ; hence if £/, E2 be the 
principal stresses for the loose earth at the depth d, we have 

U/ = Wid. 

Also, in order that the earth should not heave up, we 
have in the limit 

^,'.^/l±4B-^=«,.rf^±4^^ (13) 

1 - sm € 1 - sm € 

Moreover, for the equilibrium of the loose earth at the 
depth dy we must have £2 = J?2, and consequently 

w {h -{^ d) _ /I + sin cV . 
Wid \1 - sin ej ' 



or 



(rO-G-^j" <"' 



where <t is the ratio of the specific gravities of the wall and of 
the loose earth. 

The least depth of the wall can be readily calculated in 
any particular case from equation (14). 

The student will find interesting examples of this method 
in Eankine's work already referred to, also in Alexander's 
'* Elementary Applied Mechanics." 

Examples. 

1. If from any point lines OF, &c., be drawn which represent iii magni- 
tude and direction the stresses for all planes drawn through 0, find the locus 

of the point P. ^ m,. i,. .. I'* V^ C^ . 

^«,. TheeUipsoid|., + |^, + ^^ = l. 

2. If the stress on every elementary plane drawn through a point F is 
normal to the corresponding plane, show that the stress is constant for all 
planes at the point F. 

A substance which possesses the property here stated is called a perfect 
liquid. ^ If p be the elastic force at any point in a liquid, the general equations 
of equilibrium become 

|..x=o. |.,r=o. |.,z=o. 
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The following examples can he readily solved from the fundamental property of 
the stress qttadric, viz. that if its eqtMtion be transferred to any new rectangular 
system of axes y the coefficients of the terms in the transform^ equation represent 
the stress system corresponding to the new axes, 

3. Give the six constituents of stress at a point for one system of rectangular 
axes ; find the corresponding constituents of stress relative to any other rect- 
angular system. 

4. Show that a shearing stress produces equal and opposite normal stresses 
on the planes which hisect the angles between those of the shearing stress. 

6. If there he no normal stress on any plane which passes through a fixed 
line, show that the stress is equivalent to a normal stress on the plane perpen- 
dicular to the line, along with a shearing stress, on two rectangular planes. 

6. In a uniplanar stress, find the pair of rectangular planes for which the 
shearing stress is a maximum. 

7. In any given stress system find the planes passing through a given line, 
for which the shearing stress is a maximum. 

8. In the same case find the planes for which the shearing stress vanishes. 

9. In any stress find the pair of planes for which the shearing stress is a 
maximum, and its maximum value. Ans, ^ (^i - J3). 

10. Show, by Greenes theorem, that the six equations of equilibrium for a 
rigid body hold good in the case of any elastic soUd. 
Here 

But, by Green's tlieorem {Integral Calculus, Art. 226), the latter integral is 
jqual to 

jj{lA + mM + nG) dS, 

aken over the bounding surface or surfaces, where Imn are the direction 
iosines of the normal at dS to the bounding surface. 

Again, by (3), Art. 46, 

S!{U + wJT + nG) d8=^S! ^cos \dS. 
Hence, we get 

SJjX p dxdydz + iJTcoBKdS^ 0, 

Jong with two similar equations. 
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Again, 

f /dG dF dC\ (dE dB dF\) , , , 
= - |[|[^(G^y--H^) + ^ {Fy-Bz) + J (Cy - Fz)Yxdydz 

= - JJ jT (y cos ju — « cos f) rfiS, by Green's theorem. 

The six general equations of equilibrium are thus proved. 

The above may be regarded as furnishing us with an independent proof of 
Green's theorem, based on the elementary principles of mechanics. 
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CHAPTER III. 



Connection between Stress and Strain. 
Section I. — Work and Potential Energy. 

56. ^Work done in a Small Change of Strain. — 

jet us now suppose the state of stress of a perfectly elastic 
olid, its temperature remaining constant, to change oon- 
inuously. In this case the corresponding strain at each 
)oint will also change continuously; but be such that at 
lach stage the strain is that which belongs to the correspond- 
ng stress at the instant. We proceed to investigate the 
vork done against the elastic forces of the body in producing 
uch a change in its state, the body being supposed perfectly 
dastic during the change. Let us 
irst consider the elementary work 
)erformed by the stresses which 
lot on the faces of an elementary 
)arallelepiped AxAyAz, in pro- 
Lucing the small change of strain 
epresented by 

Say Sby SCy Sfy 8^, Sk. 




We shall first take the normal forces acting on the 
)pposite pair of faces whose areas are Ay Az. In this case 
leglecting an indefinitely small part of the strain, these faces 
nay be regarded as acted upon by a pair of equal and 
►pposite forces, each equal to A Ay Az. Accordingly (see 
Dynamicsy Art. 127), the elementary work done by this 
tress is represented by 

AAyAzS (Air), 
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where S (Air) denotes the elongation of Aa? arising from the 
strain ; but, by hypothesis, Za = — — ; hence the preceding 
element of work is represented by 

ASax ^x Ay A«. (1) 

The elements of work due to the stresses B and C are, in 
like manner, f oimd to be jB 86 x Ax Ay A2, and C 8c x Ax Ay As. 
We shall next find the element of work done by a shear- 
ing stress acting on two opposite pairs of faces of the parallele- 
piped. It is readily seen that on the 
faces Ay A2, and Ay Ax, the tangential 
forces are O Az Ay, and G Ax Ay, 
respectively. Now the resultant of 
these forces, regarded as acting along c 
As and Ax, is a force acting in 
the line, PP', whose intensity is 
O Ay X PP^. Similarly, the resultant 
of the parallel stresses at P' is an equal 
and opposite force acting along PP/ Hence the work done 
by this system of shearing stresses is represented by 

OAyPFl{PF), 

where 8 (PP') is the elongation of the diagonal PP'y but, by 
Art. 12, the shear of the angle at P is represented by 28jf; 
also we see immediately that 

} ■' ^ PP'.8(PP') = A^A2x28^. 

Henco; the work done by the shearing stress in causing 
the small shear ig is represented by 

20 X Sg X Ax Ay As. 

Accordingly, by the principle of superposition, the total 
work done by all the stresses on the element of volume 
Ax Ay Az is represented by 

{ASa-¥BBb+ CSc + 2FS/+ 20^g + 23 Sh) Ax Ay Az. 
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Jence, if 8 TF be the work for the entire body, we have 

)W^\\\{Ala^BU->.ClC'\-2Flf^-10lg^2Rlh)dxd\jd%, (2) 

n which the triple integral is taken for all points in the 
)ody. 

We may in general suppose that 8a has the same sign as 
he corresponding stress -4, i. e. that when ^ is a traction the 
idge Ai» is elongated^ and when -4 is a pressure Ax is con- 
racted ; accordingly, A&a is positive ; and similarly for the 
►ther terms. 

The work done by a shearing stress can also be readily 
leduced from the principle proved in Art. 12, and in Ex. 4, 
b:t. 64. Thus, instead of the shearing stress O we may 
ake equal and opposite normal stresses (+ O and - O) in the 
►lanes which bisect the angles between the planes of the 
;iven shear G. Likewise for the small shear 28^ we may 
ubstitute the corresponding normal elongations (+ 8^ and -8^) 
perpendicular to the bisecting planes. Hence, by super- 
►osition, we see from (1) that the work done is equivalent to 

O Sg dxdydz + (- O) (- ig) dxdgdz^ or 2 GSg dxdydzj 

s before. 

57. ITerification by Oreen's Theorem. — The result 
a (1) can be readily verified by aid of Green's general theorem 
Integral Calculus^ Art. 226). For, as previously observed, 
a a body in equilibrium in a state of strain there must be 
quilibrium between the whole system of external and internal 
3rces which act on the body; consequently, for any inde- 
nitely small displacements the work done by all the external 
Drees must be equal to that of the internal forces of elasticity. 
Lgain, let 8w, S«?, iw denote the small components of displace- 
lent at any point xyz ; then the total work done by the 
ody forces is represented by 

lllp {XSu + Yiy + Z^w) dxdydz. 

Also, if P, Q, i2 be the components per imit area of the 
rtemal stress on the element d8 of the surface of the body, 
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the total work done by the external system of stresses is 
represented by 

jj [PSu + QSv + BSw) dS 

taken over the entire surface. 

Accordingly, if SW be the corresponding elementary 
work performed against the forces of elasticity of the body, 
we may write 

S TT- JJJ {XSu + TSv + ZSw) dxdydz 

+ II {PSu + QSv + ESw) d8. (3) 

Again, by equations (3) of Art. 35, 

jj{PSu+ QSv + ESw)dS 
=jj{l{ASu + mv + 6Sw) 
+ m {HSu + BSv + FSw) 
+ n {FSu + 6Sv + CSw) } dS, 

where Imn are the direction cosines of the outward drawn 
normal to the bounding surface at dS. 

Now, by Green's theorem we have, when a, /3, y are any 
continuous functions of ar, y, 2, 

[£'^£'^^)^'^^^'^''^ J (/a + m3 + wy) rfS, (4) 



where the triple integral is taken throughout any volume, 
and the double integral is taken over the boimdary of the 
volume. 

Consequently, 

jj{PSu + QSv + Mw) d8 

{j {ASu + SSv + 6Sw) + ~ {HSu + BSv + FSw) 

+ -^ {FSu + OSv + CSw) I divdj/dz. 
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[f we differentiate these expressions in the triple integral, 
ind observe that 

dA dH dO ^ . « 
^^•^^^■*-^^ = ^'*^" 

VQ readily see that equation (2) becomes 

" JJJ ( dx dy d% \ dy dz 

^fdSu dSvA „(dlv dlu\\ . , , _ 

3ut ^ diu ^ ^^. d^w dSv ^ 

8a=^,&o.,2§^= — ^— ,&o. 

A.ooordingly we get, as before, 

S jr= f [ASa + BBb + CSc + 2i^+ 2(?8^ + 2mh) dxdydz. 

58. Potential Knergy of a Strain. — It is evident that 
in elastic body in a given state of strain is capable of doing 
I certain amount of work against external resistances. 
&.ccording to ordinary mechanical principles this is called the 
potential energy of the strain. 

Since the potential energy of a perfectly elastic body in 
is natural state is zero, it is plain that its potential energy 
for any state of strain is a positive quantity ; being equal to 
;he amount of external work required to bring the body 
Prom its natural state to the state of strain in question. 
&.gain, for a body in equilibrium, not acted on by external 
force, the corresponding potential energy must be zero ; and 
WQ infer that the strain at each point must be also zero. 
For, by the preceding, if any portion of the body be in a 
state of strain, that portion must possess jt?os^Y^^?e energy — 
Dut this cannot be the case if the whole potential energy of 
:he body is zero. 

Also, it is easily seen that we may assume that the whole 
external work required to bring a solid from one state of 
jtrain to another is independent of the intermediate states 
:hrough which the solid passes in the process. (Compare 
Dynamics^ Arts. 282, &c.) 
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Again, if we suppose that a'Vc fgli denote the initial 
constituents of the strain at a point xyz^ and imagine, without 
change of temperature, the strain to he gradually altered, 
until it finally is represented hy ahcfgh at the same point ; 
then, hy (3), we see that the total work performed during 
this change, i.e. the change in the potential energy, is 
represented hy 

lll{Aia + BU + C^c + 2nf+ 20Sg + 2HSh) dxdydz 

taken hetween the assigned limits. 

In this we neglect all vihratory motion, and every- 
thing of the nature of kinetic energy, and we infer that the 
change in the potential energy must he a fimction solely of 
the initial and the final conditions of strain of the body. 
This requires that the expression 

Ala + BU + Clc + 2nf^ 2Qlg + 2SSA 

should be the exact variation of some function of the strain 
(ahcfgh) ; for, otherwise, the work in the passage from one 
state of strain to another would not be a fimction of the 
initial and final strains solely. 
Accordingly we assume 

Ala + Blh^ Clc^ 2Flf+ 20lg + 2Hlh = 8F, (6) 

where Fis a function oiabcfghy the strain constituents. 
Hence we get 

Again, we may write 

dV^ Ada 4 Bdb + Cdc + 2Fdf+ 2Gdg + 2Hdh. (8) 
And hence, by integration, 

F = ^{Ada\ Bdb + Cdc + 2Fdf+ 2 Odg + 2Hdh) , (9) 

J 0. 0, 0, O, 0, 

in which we suppose that initially there is no strain. 
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Also, equation (2) becomes 

SW^jjjSVdxdi/dz. (10) 

59. Stress in terms or Strain. — In the case of a 
perfectly elastic solid in equilibrium, let abcfgh be the con- 
stituents of the strain at any point, and ABC FGH the cor- 
responding constituents of stress. Also let A\ ^, C\ -F', 
0\ E! represent the stresses corresponding to the strains 
«', Vy c', f\ g\ K, Then, by the principle of superposition, 
we assume, within the limits of perfect elasticity, that if, 
when the stresses are added, term by term, so as to give as 
constituents A + A^ £+ £", &c., S+ H\ the corresponding 
strain will be represented by a + a', ft + y, . . . A + h\ Hence 
it follows that if the stresses be doubled, the corresponding 
strains will be also doubled : and generally, if the stresses be all 
altered in any ratio, the corresponding strains will be altered 
in the same ratio. From this it follows that the constituents 
of stress are linear functions of those of the corresponding 
strain. Again, the strain constituents can conversely be 
expressed as linear functions of the corresponding stress 
constituents. Hence we see that if the stresses all vanish, 
so also must the strains : this is in conformity with the 
principle assumed in Art. 58» These statements have been 
verified by experiment for perfectly elastic solids, and are a 
generalization of the law originally established experimen- 
tally by Hooke, and which is usually called Hooke's law of 
elasticity. 

Hooke, in 1676, in his Description of Helioscopes, published 
his law of elasticity under the form of the anagram, 
ceiiinosssttuu. Of this two years subsequently (in his 
lectures de Potentia Restitutiva) he stated that his anagram 
meant, Ut tensio sic vis, 

60. Strain Potential. — Elastic Coefficients. — From 
(7) we infer that V must be a quadratic function of the 
strain, and in its general shape we may write 

2 F= Xia* + XJ)" + \,c' + A^^ + \,g' + \Ji' 

+ 2fxibc + 2jjL2ca + 2ixzah + 2iji^h + 2ixjif+ 2/ue/^ 

+ 2Tiaf+ 2T2ag + 2Tzah + 274^/+ 2756.^ + 2Tj)h 

+ 2T'icf-\- 2T%cg + 2r9cA. (11) 
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For any homogeneous substance the 21 coefficients in this 
expression are called the elastic coefficients of the substance, 
and their values depend on its elastic properties. The cor- 
responding expressions for -4, -B, (7, jP, Q^ H are, by (7), the 
difEerential coefficients of this expression, taken with respect 
to a, i, (?, &c. 

Examples. 

1 . Find the form of the strain potential for a substance which is symmetrical 
with respect to a plane. 

Let the plane be taken as that of xy, then V is unaltered in this case by the 
change of z into — z : this changes to into — to, and hence /and g change signs. 
Accordingly we readily get 

2F= Aia* + X2^ + X3c2+ KiP + Xa^^+ X«A* + 2fiift<? + 2fi2<w 
+ 2/;i8 ah + 2iJL^g + 3t3 ah + 2t6 hh + 2t9cA. 

The expressions for the corresponding stresses are obtained by differentiation. 

2. Find the form of F if the substance be symmetiical with regard to two 
rectangular planes. 

Let the second plane be that of xz ; then, in addition to above, the change of 
y into — y must not alter V\ hence we get 

2 r= \\a^ + X2^ + Xac* + \if^ + A{^* + Mh^ + ^iiihc + 2fi2<?a + 2fi3a*. 

3. Find V for a substance which is symmetrical about the axis of z. 

In this case Fis unaltered if we interchange the axes of x and y, i.e. if we 
interchange a with 3, and/ with g. Hence, remembering that a +h and ab — h^ 
Are invariants in this case, we see that 2 F is of the form 

2 F= fii (« + ft)'* + n2c'^ + «3 (/* + ^•) + «4 (A* - ab) + 2w5<? (« + *). 

4. Hence, find the form of the strain potential for an isotropic body. 

In this case F must be symmetrical with respect to a, ft and e ; and also 
with respect to ft g and h. Hence we readily get 

2F = «i(«+ft+c)« + mi(/2+^* + A2-aft-ftc-atf). 

This result will be established subsequently in a different manner. The physical 
signification of the coefficients will be shown in Art. 64. 

61. Heterminateness of Strain. — For an elastic solid 
when the external forces, hoth hodily and superficial, are all 
given, the state of strain is determinate and unique, i. e. there 
cannot he two systems of strain corresponding to the same 
system of extei;nal forces. 
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This result readily appears from the method of super- 
position. For, if possible, let the strain systems abc/gh and 
a'Vc'f^K correspond to one and the same system of external 
forces. In the second system if all the forces be reversed, 
then - a\ - 6', - c\ -f^- g\ - h\ will represent the corre- 
sponding system of strains. Now, if the two systems be 
superposed, the external forces all disappear, and the cor- 
responding strains will be a' - a, 6' - J, c' - c, &c. ; but the 
potential work (Art. 57) of the stress is equal to that of the 
external forces ; and this in the case supposed must be zero. 
Hence the potential energy of the stress is also zero, and 
from Art. 58, we infer that the potential energy of the stress 
for each element of the body must also be zero ; consequently 
we must have at each point 

as otherwise the body would possess positive potential energy. 
From this it follows that if in any manner we can find one 
system of displacements which satisfy all the conditions of 
any given problem, it furnishes a solution of the problem, 
and is its only solution. 

62. Isotropic Bodies. — ^A substance is said to be 
isotropic when equal and similar portions of the body, 
however situated in the body, possess identical elastic 
properties. These properties are, accordingly, independent 
of direction. We proceed to consider the connection between 
the stress and strain for such a substance. 

Section II. — Case of Isotropic Substances. 

63. Expressions foi; Stress in an Isotropic Sub- 
stance. — Adopting Oaucny's method we assume that in an 
isotropic substance the three principal stresses, about which 
the other stresses are symmetrically distributed, have the 
same directions as the three principal strains, about which 
the others are symmetrical. Hence, as the stresses are 
linear functions of the strains, we may write 

Ei^\iei-\-\%{e% + e^ 

= (Ai - X2) ei + \% {ci ■\-e%'¥ Ci). 
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Hence, altering the notation slightly, we may write 

-Bi = X A+ 2/u«i, -Ba = A A + 2/u«2, ^3 = AA + 2/u^3. (1) 

Again, if ?i, iji, ?i be the coordinates of any point relative 
to the principal axes of elasticity, we have 

If we now suppose the axes transformed to any new 
rectangular system, this equation, by Articles 10 and 67, 
transforms into 

A^ + jBi,»+ Cr + 2i^„Z: + 2(??5 + 2Jff5i? 

« XA (^ + u» + D + 2^ (ae+ bn' + c^ + 2/„? + 2^?5 + 2A?i,). 

Accordingly, equating coefficients, we get 

^ = XA + 2/ua, -B = XA + 2/uJ, (7 = XA + 2/xc^ 

2^ = 2;/, G^2^g, H=2fih ]' ^^^ 

where X and fi are coefficients which depend on the elastic 
properties of the substance. 

64. Moduli of Elasticity and Rigidity.— We can 

readily give a physical meaning to the coefficients X, /x. 
For suppose A=^B= C, then we get 



' /, 



a=J = c = -^, and ^ = (X + l/u) A. (3) 

But this case corresponds to a uniform normal stress arising 
from a uniform compression or expansion ; hence in this case, 
within the limits of elasticity, the dilatation of an isotropic 
substance varies with the uniform normal traction or pressure. 
If n represent the uniform normal stress we may write 

n - icA. (4) 

The coefficient k is called the modulus of elasticity ; or the 
modulus of incompressibility. This modulus can be deter- 
mined experimentally, and tabulated for different isotropic 
substances. 
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If we compare with (3) we get 

A + l^/u = ic, or X = ic - f fi. (6) 

Again, from the equations 

we see that /x represents the ratio of the shearing stress on 
any plane to the corresponding shear. This ratio is called 
the modulus of rigidity of the substance. 

65. Young's Modalns. — If we suppose the stress A to 
be the only stress acting on the body, we have 



These give 



[k - -I/x) a + 2/ua = A 
[k - f ju) a + 2,jLb = 
{k - f /x) a + 2/uc = 

-4=3kA, hencea=( - + ^JA; 



(6) 



therefore A = .t--^ «• (7) 

3ic + /i ^ ' 

This shows that the elongation is proportional to the stress. 

The coefficient of a in (7) is called Young's modulus 

of elasticity. If this modulus be represented by -B, we have 

OIC + |LC 

In this case it should be observed that when a is positive, the 
lateral strains b and c are in general negative ; they are some- 
times written 

b = c = — rittf 

F 2 



i 
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66. Equations deduced fk*oiii Potential Energy. — 

The equations connecting stress and strain for isotropic 
substances can also be immediately deduced from the potential 
V. For, in the case of isotropic bodies it is manifest that 
the function V must be independent of the directions of the 
coordinate axes, and consequently it must be a function of 
the invariants of the strain ; hence, since F is a quadratic 
function, we may assume 

F = ici (a + J + c)' + ica (/* + ^' + A'' - a J - ac - 6c) . (10) 

By differentiation we get 

dV 



-4 = 



da 



2lCiA - K2 ( J + C), &C., jP= Kify &0. 



These equations can be immediately reduced to the form 
given in (2). 

Again, if in (2) we substitute for a, 6, c, &c. their values 
given in Art. 21, we get 



Jl=(K-f,i)A+2Mg,5=(K-fiu)A + 2M|, ' 



(dw dv 
dy 



^ fdw du\ _ fdu dv\ 



(11) 



where 



du dv dw 

^ = — + 1- — 

dx dy dz 



From these equations we infer that whenever the ex- 
pressions for the displacements u, t\ w are known, the cx)rre- 
sponding state of stress for an isotropic body can be at once 
determined, provided its coefficients of rigidity and of incom- 
pressibility are known. 

In general the external surface stresses are supposed 
given, and also the external body forces ; and the problem 
for solution is the determination of the resulting displacements 
ti, t7, w at each point in the body. 
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In many problems the bddy forces are so small in com- 
parison with the stresses that they may be neglected. 
For a pure strain equations (11) become 



J=XA + 2m0,£ = AA + 2m^,(7=XA + 2/*^ 



di' 



F^2,^^,G^2,i±,,H^2,'''^ 



dyd% 



dxdz 



dxdy 



• (12) 



67. Spherical Pare Strain. — Cylindrical Pure 
Strain. — In the case of a pure spherical strain, if P, Q, R 
be the principal stresses at any point, we get from (27), 
Art. 26, 



p.(.-W4.2,g,«-ii-(.-}„)4*|;^ 



IT dr\ dr^ 



.. (13) 



Also, for a cylindrical pure strain the principal stresses, by 
Art. 27, are 



P=(K-fM)A + 2^^, Q=(K-^^)A + ^g^ 



(14) 



Of these P is a radial stress, while Q and 22 are at right 
angles to the radius vector. Hence they are called respectively 
the radial, the circular, and the longitudinal stresses at the 
point. 

68. Equations of CSqailibrinm. — If we substitute 
in the general equations of Art. 52, we readily obtain 



(ic + i/x)^ + MV't; + pr-0 

dA 
(ic + \^)^ + mV*» + pZ= I 



(16) 
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where 
Also, since 

we easily see that 



cPu cPu (Pu 
da^ d]f dz^ 

^^ ^^ OP JP 



dx \dz dy J 



and accordingly equations (15) may be written 






>-. 



Again, in a pure strain, these become 

{K + iM)^ + pr=o 

These at once lead to the equation 

(ic + -Jju) dA + p{Xdx + Ydy + Zdz) = 0. 
Hence for a conservative system of forces we have 

(ic + ^/u) A + p ?7 = const., 
where Xdx + Fdy + Zdz = dU. 



(16) 



(17) 



(18) 



(19) 



In a pure strain, if there be no external bodily forces we 
have X = 0, Y= 0, Z= 0, and accordingly 

A = const. (20) 
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Hence, in such ease the condensation produced by the 
strain is the same at all points of the body. 
When the forces satisfy the equation 

dX dY dZ^ 
dx dy dz ' 

we immediately see from equations (16) that in all cases of 
strain we have 

V'A = 0. (21) 

Accordingly the condensation A is in all such cases the sum 
of a number of harmonic functions {Differential Calculus^ 
Art. 333). 

69. Kqnations of Kqnilibriaiii in Curvilinear Co- 
ordinates. — ^Adopting the notation of Art. 29, and multiply- 
ing equations (16) by A, Wi, n^ respectively, we get by 
addition 

J A 

(k + Iju) ^ +p(AZ + «»,F+niZ) 

■"M'i^: d^r^'^y^-d^r^idi-^)]'^- (^2) 

Again, by Art. 39, we have 

rdO^ _ de;\ fdO^ ^ dOiX fdOi __ de^ 
\dz dy J ^ \dx dz J ^ \dy dx 

, dOi dOi dOi , dBi dOi dB^ 
asz asz asz asz ast a^z 

Hence, proceeding as in Art. 40, we find immediately that 
the latter expression is equal to 

(l\J2 Clsy^ v78 V72 

USq CfS2 3-^2 2-^S 

^ 1 / djQih) _ d(e,h) \ ^ 

kiki\ dpi dp% J 
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Finally, if tSi^ ISz, S3 be the components of the external 
force in the directions dsi^ dstj ds^y respectively, we get, by 
equation (22), 

, . .d^ 2^ifd{Q,h) d{e,h)\ _ \ 

^ ^^^ds, hh\ dp, dpi y^ ' ^ 

In the case of polar coordinates these become 

.,.d^ 2m (d{Q,) d (e, sin e) \ , „ y _ 

^ ^^^r&m0d<p r\dO dr J ^ 

70. Resilience. — The elasticity of every solid is sensibly 
perfect up to a certain limit, which is called the limit of 
perfect elasticity for the substance. When strained beyond 
this limit the body receives a sety and in some cases is broken. 
Experience shows that the safe working stress of any material 
should lie within its limits of elasticity. For a given species 
of strain the amount of work performed on a substance in 
straining it to the corresponding elastic limits is called the 
elastic resilience of the substance for the strain. Such 
resilience can for particular substances be calculated and 
estimated in foot poimds similarly to any other kind of work. 

Sbction III. — Applications. 

71, Spherical Shell under IJniforni IVormal 
Pressure. — An isotropic solid, whose boundaries are con- 
centric spherical surfaces, is acted on by uniform pressures, 
p andy, on its outer and inner surfaces solely, to find its 
condition of stress and strain at each point. 
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In this case it is immediately seen that the strain is purCy 
also since there are no body forces, we have, by (20), Art. 68, 

A = constant = a (suppose) . (1) 

Hence, by (13), Art. 67, we have 

dr\dr) '"^' 
therefore ^1 - f . ^, (2) 

in which a and j3 are small constants, whose values are 
determined by aid of the boundary conditions. 

First, let the sphere be solid, i, e. let there be no inner 
boundary. In this case we must have j3 = 0, as otherwise 
the displacement at the centre would become infinite. 

Hence, we have 

(f(^ ar d^^ a 

dr^l' ^ " 3* 

Accordingly, from (13) the principal stresses at any point 
for a solid sphere are given by 

Hence in this case the sphere is subject to uniform com- 
pression, as might have been readily foreseen. 

The value of a is determined from the given external 
pressure. 

In the case of a shell, we get 

^-«-?^ ^^ 

and accordingly at any point we have 

V.xft i 




* 
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Now, suppose a and b to be the radii of the outer and inner 
surfaces, respectively; then, since for the outer surface 
P = -p, and for the inner P= -p', we get 

4/1/3 

'-p=ica--y 

These equations enable us to determine a and /3 in terms of 
the given pressures p and p\ Also the principal stresses at 
any distance r from the centre are given by 

It may be here observed that if all the conditions of any 
problem are satisfied by assuming the strain to be pure, 
then by Art. 61 the only solution of the problem is one for 
which the strain is pure. 

Examples. 

1. If the shell be subject to interior pressure only, find the stress at any point 
within the sheU. 






2. In Ex. 1 show that if the inner pressure be increased indefinitely, the 
rupture of the shell will take the form of transverse stretching at the inner 
surface. 

Here Q is greater than - P, and the greatest value of Q is at the inner 
surface, &c. 

3. For a thin shell, whose thickness is t, show that the value of the transverse 
stress Q at the inner surface ia p' -, approximately. 

72. Holloifr Cylinder under fTnlform Pressure. — 

We shall next investigate the distribution of strain for a 
hollow circular cylinder of indefinite length under the action 
of uniform normal pressures, p and p\ on its outer and 
inner surfaces, solely. 

Take the axis of the cylinder as that of s, and it is evident 
that the displacement of each point is parallel to the plane of 
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xt/ ; and also that the strain is pure. Hence, as before, we 
must have A = a, a constant. Accordingly, by Art. 67, we have 

dr\ drj 



-ar. 



therefore 



dr 2 r '' 



(8) 



where a and j3 are constants, to be determined by aid of the 
given pressures. 

Again, the principal stresses at any distance are 
immediately found from Art. 67 to be 



P-(.c + i,«)a-2M^ ^ 









h 



(9) 



where P is the radial^ Q the circular^ and R the longitudinal 
stress. The latter stress is constant, and is parallel to the 
axis of the cylinder. Q is often styled the hoop stress of the 
cylinder. 

Again, we have 

-;, = (K + i)u)«-2^, -/=(K+i,x)a-2j„|. (10) 

where a and b are the radii of the external and internal 
surfaces. 

If we eliminate a and /3 between these and the equations 
in (9), we get 






3ic-2m c^p-bY 



(11) 



R = - 



Zk + 



a*-b' 
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For a oylinder subject to internal pressure only these become 

For a very thin cylinder the values of Q and JB become very 
great in general. Thus, if ^ be the thickness of the cylinder, the 

tearing stress Q becomes, approximately, equal to p' - ; also 
•S = -kQy approximately. 

From the foregoing we see that the radial stress is always 
a pressure, while the (Erections of the other principal stresses 
depend on the relative magnitudes oip, p , a and b. For 

instance, if — < r — t2 the stress Q is a pressure ; if -^ < -z — n 

Q is a traction everywhere. Again, Q vanishes at a distance 



r, where r 



Sa'p-V'p' 



The method given above is approximately applicable to 
cylindrical boilers under steam pressure and leads to 
important practical results, especially in connection with the 
maximum pressure consistent with the safety of the boiler. 



Examples. 

1. Find the condition that the stress shall he two dimensionaL 

Am. JJ=0, or^=^. 

2. If T he the greatest stress consistent with perfect elasticity of the 

material of a cylindrical tube, find the condition for the elastic safety of the tuhe. 

a* p'-\-T 
Ana. - > = — ;. Laxah^ a Zegontde Velattteitef-p, 190. 

3. If /he the greatest stress a thin hollow cylinder can hear without rupture, 
prove that the internal pressure which would hurst it is equal to ^f, where \ is 
the ratio of the thickness of the cylinder to its radius. 

In steam hoilers it is considered prudent to make the working pressure only 
one-eighth of the bursting pressure. That is, 8 is taken as the factor of safety 
in this case. 

4. Show that for the same thickness a spherical shell is twice as strong as a 
cylindrical shell of equal radius. 
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73. Solid Sphere subject to Self Attraction. — ^Next 
let us suppose a solid sphere subject solely to its own attrac- 
tion, and such that the sphere is homogeneous when free from 
strain. In this case if V be the potential of attraction, and 
if p be the constant density, and p (1 - A) the strained 
density, then from (17), Art. 68, we immediately get 

(k+*a«)^ + p(1-A)^=0. (13) 

Now, observing that all our equations are based on the as- 
sumption that the strains at each point are veri/ smally and 
that in these equations small qtcantities of the second order 
are neglected^ it follows that A must be a very small quantity 

dV 
in (13), and hence that the term /o A 3— may be neglected, 

dr ^Y 

being very small in comparison with p -=- . 

dV . . ^^ 

Again, — is the attraction at the distance r, and hence, 

by dividing the sphere into concentric shells, we readily 
see that 

Also, A' must be very small at all points, and aooord* 
ingly, to the degree of approximation adopted throughout, we 
may write 

dV^ Anypr ^^^^ 



If now we assume 



equation (13) becomes 



dr 


3 


c» = 


3ic + 4/i 

■47rV' 


rfA 


r 


dr 




A=: 





(16) 



therefore A = a + ^^j, (17) 
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in which a is a small quantity, viz. the dilatation at the 

centre of the sphere. Again, - must also be small for all 

c 

points in the substance. 

Hence we have 



therefore 



'r\ drJ 




d^ ar 
dr 3 





Here /3 = 0, as otherwise the displacement at the centre c 
the sphere would become infinite. 
Consequently we have 

dift ar r* 

^ ° 3 "" lO?- (^^) 

Henoe, by integration, we get 

Again, by Art. 67, the principal stresses at the distance 
are given by 



P = 



Ka 



r» / 



+ 2^(-+T^MJ ^ 



Q = •«• + 6:3 ( " - T^^ ] j 



.3 

2? 



(20) 



in which a is still undetermined. 

If we suppose that there is no external pressure on the 
surface of the sphere, we have 



^a = -^^[K + ^^L), (21) 



where a is the radius of the sphere. 
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This gives for the principal stresses at any internal 
Lstanoe r. 



Q = -^|«(«'-0+T^i«(2«'-r')jJ 
Also, if we substitute in (19) we have 



(22) 



♦4?-iS('*A-:)- (^') 



The displacements of any point are obtained at once from 
, by differentiation. 

Another mode of discussion of this problem will be found 
1 Professor Minchin's Treatise on Statics^ ift)l. ii., pp. 466-461. 

More generally, let the sphere be subject to a uniform 
eternal pressure p^ to find the principal stresses at any 
Dint. In this case we have 



— p = ica + 



^ (-c + Afi]. 



lenoe 



P-'-P-^Ik+^hJ. (24) 



Example. 

1. Show from the principle of dimensions in physical units, that ^ is a linear 

r 
agnitude ; and also that - is a small quantity. 



74. Circular Cylinder under Uniform Tangential 
tress. — An isotropic elastic substance is bounded by two 
)axal circular cylinders, of indefinite length, and has its 
iner surface rigidly fixed, while its outer surface is subjected 
) a uniform tangential traxitiony whose direction at each point 
. at right angles to the axis of the cylinder, to find the strain 
ad stress at each point. 
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Here, from the conditions of the problem we may assume 
that the displacement at any point P is at right angles to 
the axis and also to the perpendicular r drawn from P to the 
axis. 

Hence we may write 

tt = -y^, f? = jr^, 1(7 = 0, (26) 

where ^ is a function of r. 

From these we get t" + ;r = ; and consequently we have 

if 

A = 

at every point. 

Again, since the external forces are wholly superficial, 
we get, from equations (16), Art. 68, 

du ^ xy d^ du _ y^ dijt 

dx r dr* dy r dr* 

and the former equation in (26) leads to 



3^ + r^ 
dr df^ 



Hence we have 



-"."'K-t)-"- 



r 



where a and /3 are constants. 

Let now a and b be the outer and inner radii of the 
cylindrical boundaries ; then, from the conditions of the 

problem, we have ^ = when r = 6. This gives /3 « jri, and 

accordingly 

* = «(^-',); (27) 

therefore 



«=-«y(jT-^),«'=«*(^-^} 
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Again, the stresses at any point are given by 

^ = 2^-, 5 = 2^^. ^=%y + ^} 
Hence we have 

These give the constituents of the stress at each point when a 
is known. 

Again, the equation of the stress quadric 

^? + 51,^ + 2^1,5 = IT 
becomes in this case 

or 

4m ^ (^5+ y»?)(y5 -a?»?) = JP". 

If now a? = r cos 0, y = r sin 6, this equation becomes 

-^ (5cos 0+f, sin 6) (f sin - 1, cos 6) =-ff', 

hence the stress quadric when referred to the direction of the 
radius r along with that of a line perpendicular to r, becomes 

This shows that the whole stress is equivalent to a shearing 

stress whose amount is represented by 2 ^. 

Again, "at the external surface of the cylinder this shearing 
stress must be equal and opposite to the external tangentitd 
shearing stress F\ this gives 

2^--2-^, ora— ^. 
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Aooordingly the displacement at each point is given by the 
equations 

Fa' (1 1\ Fa' (I 1\ ,^^. 

The foregoing analysis shows that these displacements satisfy 
all the conditions of the problem, and accordingly furnish its 
complete solution. 

We shall next solve the problem by the method of 
cylindrical coordinates. 

Here, we have ai = 0, w? - ; and the equations of Art. 38 
show that 

a2 = ^, ai = 0, 6i=-^, (?i = 0, /i=^i« 0,2*1 = r^. 

Again, as ^ is a function of r solely, we have ii = ; accord- 
ingly we have 

dr 

This shows that the whole stress reduces to the shearing 

stress iir -r^. The student can readily supply the remainder 

of the investigation. 

Equations (28) show that if the body be supposed 
divided into a number of indefinitely thin cylindrical shells, 
having the axis of the cylinder as a common axis, then the 
whole motion of each cylinder consists of a circular shearing 
rotation ; the angular motion A0 for a cylinder whose radius 
is r'being given by 



FVfl 



A«-'^('l-i) 



Hence the rotation is greatest at the exterior surface, where 

Fa'-b' 

it amounts to r r— . 

2/1 a* 
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Examples. 

1. In the preceding problem show that each radial line of the cylinder 
becomes an b^erbola i^ter the strain. 

It is easily seen that any radius becomes after strain the hyperbola 
represented by 

2. In the same case find the directions of the lines of stress. 

From Art. 54 it follows at once that a line of stress at any point intersects the 
corresponding vector r at an angle either of 45**, or of 1 35° ; hence the lines of stress 

are equiangular spirals, represented by the equations r &> e^^ and r = i^. 

75. Planetary Cmst. — We shall conclude the Chapter 
with the investigation of the stress in the case of a uniform 
planetary crust surrounding a uniform spherical nucleus, 
taking attraction into account. 

Suppose a and h to be the outer and inner radii of the 
crusty /o its density, and p (1 + n) that of the nucleus ; then, 
within the crust, at any distance from the centre, the attrac- 
tion consists of two parts, one that of a homogeneous sphere 
of radius a and density p, the other that of a sphere of 
radius h and density np. 

Hence, as in Art. 73, we have 



Accordingly 



dV ^ ( nb'\ 



dA r nV 



dr (? cV 
where c* has the same value as in Art. 73 ; 

therefore A = t -x - -^ +a. 



<? &r 



Hence 



therefore 






where a and /3 are constants. 

G2 
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Proceeding, as before, we get for the radial and tangential 

Btresses 






.. (30) 



Again, the stress within the nucleus is determined as in 
Art. 73, provided we substitute (1 + n)p instead of p. Hence 



if c' be the new value of c, we have c' 



1 + n 



; and consequently 



the stresses are given by the equations 

, r*(l+n)« , , 

^ , r*(I + n)', . . 



' 



(31) 



assuming that k and jj, are the same for the nucleus as for 
the crust. 

Now, at points on the inner boundary of the crust the 
values of P given by (30) and (31) must be equal, and the 
two values of the radial displacements must be sdso equal. 

Those give the equations 

*^(«-«) — aT =-:;r-(«""iV/*)+2^(K+i%M)> (32) 



and 



a^a 



c 

Snb'^ . 3)3 



(33) 



Again, if p be the value of P at the outer surface of the 
crust, we have 



(34) 



The values of a, a, and /3 can be determined by means of 
these three equations. 
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Examples. 

1. At any point in an isotropic substance prove that directions of equal 
strain are also directions of equal stress. 

2. Assuming Clerk Maxwell* s theory that the attraction of matter can be 
produced by a distribution of stress in the ether, find the constituents of the 
stress at any point in terms of the potential of the attraction. 

Let The the potential of the attraction, tlien, since in the case supposed the 
stresses of the ether haye the same effect as the forces of gravitation, equations 
(1), Art. 52, at once lead to the equations 



dA 
dx 


dH 

dy 


dG 
dz 


dV 


dH 

dx 


dB 


dF 
dz'' 


dV 
"^dy* 


dQ 
dx 


dy 


dC 
dz "" 


dV 
"^dz^ 



where p is the density of matter at the point xyz» 
Again, by Poisson's theorem, we have 

— (^ rf*F d^V \ 

Hence, if 

dV dV dV 

-^^1, ^O^, ^3^ 

the first of the preceding equations becomes 

dA dS dG 1 (d^\ dip2 ^sX 

dx dy dz 4ir7 \dx dy dz ) 

= s; i (*'' + ♦»' - *'') - s; i (♦• ^) - i i (♦•^^' 

d^ d^i d<l>z d<pi 
dx dy ^ dx dz 

In like manner we readily get two similar equations ; and we see that the 
system can be satisfied by the following constituents of stress, 

3. Find the principal stresses in the preceding system. 

When referred to the principal stresses as axes of coordinates, we must have 

^•=0, 6=«0, ir=o, 
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and accordingly two of the quantities ^i, t^, ^ must vanish. But if ^ = 
and ^~0, ^1 becomes the resultant attraction at the point. 

Hence if Ei, j^, £z he the principal stresses at the point we have 

E --. — E "E - — 
8iry 8iry 

where R represents the resultant attraction at tiie point. Accordingly the 
stress of the medium consists of pretmre along the line of remltant force^ 
aeeompttnied by equal tention in all directions perpendicular to the resultant force, 

4. Show that the preceding system of stress cannot be satisfied by assuming 
it to arise from the deformation of the ether regarded as an isotropic substance. 
Adopting the usual notation, we get from equations 11, Art. 66, 

^ du I , „ « ^ fdv du)\ A2A3 



KJ^ + 2/1-- s= 



aw I/O - „» tdu dv\ 






Hence weget (a + 2/()a = ? — (^I'+^'+^s*)* 

Also, since v'^i = 0, we haye 

Again, since equation (21), Art. 68, holds good in this case, we haye also in 
parts of space where there is no matter 

V*A « 0, or 
V«(4>i' + ^' + ^3^) = 0, 

hence we must haye ^ = 0, ^ = 0, -^ = 0, -^= 0, &c. ; 

dx * dy * dt dx ' ' 

.'. ^1 = const., ^2= const., ^3 ^ const. ; .*. iS « const. 

5. On Clerk Maxwell's theory calculate the amount of the ether stress at the 
surface of the eartii requisite to account for gravitation. 

Here we have i? = y ; therefore fir/jya = y, where p is the earth's mean 
density, and a is length of earth's radius. 

Hence we get ^ = ^. 

6 

Now, adopting an inch as the unit of length, and observing that a cubic 
foot of water weighs 62^ lbs., approximately; and adopting 6 for the mean 
density of the eaith, and assuming a == 4000 miles, we get 

_ 126 X 4000 X 5280 x 12 tons ,^^^ ^ , 

^2 = =4000 tons, nearly. 

2 X 12 X 12 X 12 X 20 X 112 ' ^ 

Hence gravitation would require a vertical stress of about 4000 tons on the square 
inch, ^combined with a tension of equal amount in all horizontal directions. 
See Article on Attraction by Clerk Maxwell in the Encyclopedia Eritannica. 

I have given my calculation as above, since the value of the stress given by 
Clerk Maxwell is 37,000 tons per square inch. 
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CHAPTER IV. 
Torsion of Prisms. 

76. Saint-lTenaiit's Problem. — We have seen in Art. 
61 that in any problem of stress, if one system of displace- 
ments is found which satisfies all the conditions, it is the only 
solution of the problem. This method has been applied with 
great elegance by Saint-Yenant to the treatment of the 
foUowing general problem :— 

If one end of a cylindrical substance be fixed^ and if 
tangential shearing stress be applied over the other endf and if 
there be no stress on the lateral surf ace of the cylinder ^ to find the 
strain and stress at any point in its substance. 

77. Case of Pure Torsioii. — We commence by con- 
sidering under what circumstances the strain is one of pure 
torsion, roimd an axis parallel to the edges of the cylinder. 

Let us take this axis for the axis of z ; then, by Art. 28, 
we have in this case 

a = 6r=c = A = 0, 2/*= TXy ig^-ry. 

Consequently, for an isotropic substance, we get 

^=JJ= (7=5^=0, F^fiTX, O-^-firy. (1) 

Again, for any plane parallel to the axis of s, making the 
angle a with the plane of zy^ equations (3), Art. 45, give 

TcosX«=0, Tcos/u = 0, Tcos v = GcoBa + 2^sina. 

From these we get cos v= 1, i,e, v = 0, and we see that Tis a 
tangential stress, parallel to the axis of 2, whose amount is 
given by 

T'^^Fana + OooBa. (2) 



■,i 
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Henoe, sinoe 7= over the lateral surface, we must have 

2^sin a + 6? COS a = 0, (3) • 

at all points on the boundary. 

Consequently for a pure torsion we have a? sin a - y cos a = 

at every point on the boundary. Again, if e/a be an element 

of the bounding curve in a plane perpendicular to the 

axis, we have 

dx dy 

sm a « — , cos a = - -p- ; 
ds ds 

hence round the boundary we must have 

dx dy ^ 

i. e. aj* + y' = const. (4) 

This shows that for a pure torsion the cylinder must be 
a circular cylinder. 

We infer that for a right circular cylinder acted on solely 
by tangential stress on its extreme faces, the strain is a 
pure torsion. 

Also, we see that the strain cannot be a pure torsion for 
any other form of cylindrical or prismatic body. 

78. Stress Couple In this Case. — We proceed to find 
an expression for the moment of the external stress couple, 
which applied to the free end of a right cylinder will pro- 
duce a pure torsion of given amount. The stress on any 
element dxdi/ of the end consists of the force Fdxdy, or 
jULTxdxdt/y acting parallel to the axis of y, along with Odxdyy 
or - fjLrydxdy, parallel to the axis of x. 

Again, N the entire moment of these stresses about the 
axis of the cylinder is given by 

]Sr=jj{Fk-Oy)dxdy = luLTJj{(x^-hy^)dxdy. 
But, if a be the radius of the cylinder, we have 

S{x^^y')dxdy^'^. 



Warping confined with Torsion. 89 

TT 

Hence we get iV= -x fiTa^. 

N 
The quantity — is called the torsional rigidity of the 

T 

substance ; denoting it by f, we have 

t - ifjLira^. (5) 

This result was first obtained by Coulomb in his discussion 
of the theory of the torsion balance, and is usually called 
Coulomb's Law. 

The preceding investigation holds good equally for a 
hollow cylinder. In that case the stress couple is given by 

where a and b are the radii of the outer and inner cylinders, 
respectively. 



Examples. 

1 . Show that the total stress at any point in the end of the cylinder variea 
directly as the distance of the point from the axis of the cylinder. 

2. Compare the torsional rigidity of a solid cylindrical beam with that of a 
hollow cylinder of the same substance and the same external radius. 

Let b = ka; and suppose Jf to be the masses of the solid, and M' that of the 
hoUow cylinder, then 

Jf ' = (1 - Ar») Jf, and we get 

|^= (1 - Ar*) ; therefore L = 1 (1 + A;^). 

Hence, proportionally to its mass, the resistance to torsion of a cii-cular 
cylinder is increased by making it hollow. 

79. Case of W^arping combined witli Torsion. — 

We have seen that the preceding solution fails when applied 
to non-circular cylinders. It was, however, shown by Saint- 
Venant that by a slight modification many other problems of 
cylindrical strain can be readily solved. 
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Let us suppose that the displacement w is no longer zero, 
but is some function of -jp and t/, while the displacements u^ 
correspond to a pure torsion. 

In this case the strain is represented by the equations 

u^-ryzy v = TXZy to^f(x^y). (6) 

Again, since the displacement w is parallel to the axis of 
the cylinder, the sections parallel to the base of the cylinder 
are no longer plane sections after the strain. Accordingly the 
torsion represented by u and v is accompanied by what is 
styled warping of the cylinder. 

Again, for the corresponding strains we have 

1 , ^ fxj* dw rt dw ,^^ 

a = 6 = c = A = 0; 2f=— + TX, 2g = — -Tf/. (7) 

Hence we get 

^ = 5 = (7=-ff=0, and also 

"■"it*"} ^-KS-^ <'> 

Again, round the boundary we must have, as before, 

J'sino + G^coso=0, 

fdw \dx (dw \dy ^ 
{•£ dx •'•£dyj + T{xdx -i-ydy) = 0. (ft) 



I.e. 



Hence, if the equation of the boundary be 

X + ir (oj* + y*) = const., (10) 

we must have 

dx ^dw dx^dw ^j. 

dx dy^ dy dx' 

These show, by Art. 24, that x a^<i ^ ar® conjugate functions. 
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Hence, if we can find any function x which satisfies the 
equation 

then^ if the expression 

X + ir (ar* + y') » const. (13) 

be taken as the equation of the boundary of a cylinder, 
the corresponding value of the warping function is conjugate 
to X I ^^^ ^^^ strain due to a tangential stress action on 
the face of the cylinder, is represented by the foregoing 
expressions. 

80. EUlptical CyUnder. — The elliptic cylinder 
furnishes the simplest application of the preceding; for if 
we assume 

then we must have 

and the equation of the boundary becomes 

(r + a) y* + (t - a) a?' = const. 

Hence, if the equation of the elliptic boundary be 

0* i» ^' 

■we have 

""'"a' + J" 

and we see that the condition of strain of the cylinder is 
determined by the equations 

w-ryx, v = TZi!, w = -r-5 — j-^xt/. (14) 

The shearing stresses are in this case 
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Again, if fif be the whole shearing stress at any pointy we 
have 

It is obvious that 8 has its greatest value at an extremity of 
the minor axis of the ellipse. 

Hence, if the end of the elliptic prism be subjected to an 
external couple, the extremities of the minor axis are the 
points at which rupture should first take place when the 
applied external couple is increased indefinitely. 

Saint-Yenant has shown that in all prisms the points 
nearest to the axis of the cylinder are those at which the 
shearing force tending to produce rupture is greatest. 

81. W^hole Stress reducible to a Couple. — It can be 
readily seen that whenever we can satisfy the conditions 
indicated in Art. 79, the entire stress action on the free 
end of the cylinder is reducible to a couple. This reduces 
to proving that the following equations 

fjFdxdy^O, jjOdwdp^O (16) 

hold good when the integrals are taken over the entire 
surface of the face of the cylinder. 

For any area we have, by a well-known equation, 

lilies * s <-«) I ^*-K^S- "!)*><''> 

where the single integral is taken round the boundary, and 
the double integral through all points in the area inclosed by 
the boundary. 

Hence, by (3), we get 



dp 
when taken as above, i.e. 



fAxF)^^i.Gf)\dxd, = 



therefore jjOdxdi/ = 0, since 3- + 3—= 0. 

ay ax 
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In like manner we get 

iSFdxdf/ = 0. 

Henoe we see that the whole stress action on the f aoe of the 
cylinder is equivalent to a couple. This couple is called the 
torsion couple. In the next Article we proceed to find a 
general expression for the magnitude of this couple. 

82. Torsion Couple. — Denoting the stress couple by 
If we have 

N ^ S{Ec - Oy) dxdi/ 
dw 



= M 



^t/ 



=fi 



(« ^ - y ^j <^y + fir JI(«* + f) dxdy 



+ fJLrjj{a^ + y^) dxdy. 



Again, if Whe the potential energy of the strain we have, 
from the expression for V given in Art. 66, 



hence 



-^l-^IK-l)-^- 



It can now be shown that the last double integral vanishes 
when taken over the entire face of the cylinder. 

For suppose the equation of the boundary, as before, 
to be 

/(«> y) = X + i^(^ + y") = ^owty 

then, denoting the double integral by Z7, we have 



dx dx dy dy ^ 



-I|i(^)^i(/|)!--'^<i^)- 
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Again, as in (17), the latter integral is equal to 

dx 



lA^^- 



_ dx] 
dy 



taken along the boundary. 

Also, since /is constant along the boundary, we have 

Afdw , dw , \ 
Again, since the boundary is a closed curve, we have 

and consequently U^ ; 

hence we have 

2W 

i\r=^. (18) 

Also, by (16),. we see that the work done by the couple 
N is represented by 

Tr= ^itN, (19) 

a result that might have been anticipated from physical 
considerations. 

83. Triangiilar Prism. — We shall next determine in 
what case a triangular boundary can be found to satisfy 
equation (12). 

Since the equation of the boundary must be of the third 
degree, we shall write it, by (13), in the form 

icr* cos 30 + Jr («* + y*) = const. 
This may be written in the shape 

a?' - 3a?j/' + 3a (a;* + y") + /3 = 0, 
or ir» + 3aa?' + i3-32/Va?-a) = 0. 
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This is divisible by a? - a if j3 = - 4a', 

also (a?* + Saa?* - 4a') = (x - a) {x -b 2a)\ 

Again, _ 

(ir + 2a)^-3/=(a? + 2a + yv/3)(a? + 2a-yy3), 

and the curve breaks up into the lines 

ir-a = 0, x-\-y\/S-¥2a = 0y x-t/^/S-{-2a = 0. 

It is easily seen that these form an equilateral triangle, 
whose central point is at the origin, and the length of each 

of whose sides is 2a v^3. 

We thus see that a prism whose perpendicular section is 
an equilateral triangle satisfies the conditions of Art. 79. 

Also since 

r' sin 38 = 3xy^ - y% 
we have 

WKiSxf-^y^) =^ {Sxf-f). 

84. Cfeneral Case of Saint-Tenant's Problem. — 

From Art. 79 it follows that, for any given form of prism, 
the problem reduces to finding a function x* of ^j y> which 
shall satisfy the equation 

^ + ^=0 (20) 

at all points in the body ; and shall SStisiy tli€r©qiiati<>? 

X + '2 ^^ "*■ ^') = ^^^^*- (21) 

at all points on the boundary. 

It can be readily shown that the solution of this problem 
is unique ; for if possible suppose that two functions x> x ^^^ 
satisfy (20) and (21), and let x "" x' = ^« 

Then the function u satisfies the equation — ; + — = 0, 

dx^ dx^ ^ 

along with the equation w = over the boundary. 
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Again, as in (17), we have 

J \dyds dxdsj 

since u = around the boundary, and :;-? + -r-; = f or all 

•^ dar d^ 

points within the boundary. 

From this it follows that ^ = Oj — = at all points within 

the area ; hence u must be constant at all points ; but we 
have M = along the boundary ; hence w = everywhere, 
or Y = \. 

The student is referred to Thompson and Tait's Natural 
Philosophy^ vol. i., pp. 167-70, for a proof of Green's general 
theorem, of which the above is a particular case; as also 
for a proof that the problem admits in all cases of a real 
solution. 

85. Rectangular Prism. — To find the strain and 
stress of a rectangular prism subjected to tangential forces 
on its end sections, as in Saint- Venant's problem. 

Let the centre of the end face of the prism be taken as 

origin, and the coordinate axes parallel to the sides of the 

rectanglof-^ko^l^ 2^ and 2b be che lengths of the sides: 

^ tbetTwe have i^= along one pair of sides, and ff = along 

the other pair. 

Here the normal displacement w must satisfy the 
equation 

d!^w d^w 

da? dy^ 

Also, when a? = ± a, we must have 

dw ^ 

and, when y ■ ± ^> -r- + ra? = 0, 

" dy 
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Now, let V) ^w-Txy^ and these conditions become 



along with 



and 



-^=0y when a? = ± a, (24) 

dv ' 

-7— + 2tx = 0, when y^±h. (25) 



To solve this system of equations, let w^<^ sin a^, where ^ is a 
function of y, and a is a constant ; then 

d'w' . . 

-— — = — a Sin ax. 

and equation (23) becomes 

This gives ^ = ^e*^ + -Be"*-?', 

or w' = (^e*-y + Be'^y) sin aiP. 

Again, since the strain is plainly symmetrical with 
respect to the axis of x, w must change its sign, but not its 
magnitude, when y is changed into - y ; this gives B^-Ay 
and we get 

w -A {ef^y - e"^) sin ax. 

Again, since 

-7— = 0, when a; = ± a, 
ax 

we must have cos a a = 0, or 

(2n + 1) TT 



a = 



a 2' 
where n is any integer. 

Hence, we see that (24) is satisfied if 



(26) 



where a is determined by (26) . 

H 



• = X ^n (e^ - e-*-y) sin ao?, (27) 



•_* 
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Again, dii/ --^n=« 

dy -^n=o ^ 

In order that this should satisfy (25) we must have 

-2Ta?«^"* a Jn (e*^ + e"*^) sin cur 






= 2 ^^n sin cur, suppose. 



M=0 



To determine the coefficients, multiply both sides by 
sin ax dxy and integrate between the limits and a ; then 
since when 

2w + 1 TT J , 2n' + 1 TT 

"°-^2'*"*" — —r 

we have 

sin ax sin a^x dx-0; 

Jo 

we get 

- 2r a? sin ax dx = aBn sin' air dx ; 

but 

X sin air c?ir = ^ — ^, and sin' cur dx =- ^. 
Jo a J/> ^ 

Accordingly 

Sn = (- ir^ ^. 

' a^a 
Hence (27) becomes 

, 32ra'--^«=- (-!)'*'■' ^'y'-^-*-^ . 
^ = — T" 2 /"k — V\"3 "Ta Ta sin or. 

Consequently, 

w^Txy T" 2 /-IT — T^ — A T-BvaajXy (28) 

2w + 1 TT 

where a = ^, and the summation extends through all 

values of n from to 00 . 

Also, by Art. 84, we see that this is the only solution that 
the problem admits of. 
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CHAPTER V. 
Elastic Beams. 

86. lioaded Beams, Bending Monient. — If we con- 
ceive an elastic body, which is in equilibrium under the 
action of any forces, to be divided arbitrarily into two 
parts, then the system of external forces that act on eithei' 
part of the body must be in equilibrium with the system 
of external stresses that act over the surface by which the 
two parts are separated. We shall apply this elementary 
principle to the case of a uniform beam, which is supported 
in a horizontal position, and is such that when unstrained 
its axis AB is horizontal. We shall also suppose that the 
external forces all act in the vertical direction, and are either 
uniformly distributed over the whole beam or portions of the 
beam, or else act at given points on its surface; including 
among the latter the pressures arising from its supports. 

Suppose any vertical section drawn perpendicular to the 
axis AB, and let MM' be the ^ 

vertical line drawn through /IT 

the point in which the sec- A ( 4 — g — | | iij [-] ) B 

tion intersects AB ; let any ^ 

point on the axis be taken 
as origin, and let ON = x, OB = b. Then any vertical 
pressure Pi is equivalent to an equal pressure acting along 
Jtfar together with a couple ; consequently any number of 
vertical pressures are equivalent to a single force acting along 
JOT together with a single couple. We shall suppose that 
the external forces are symmetrically distributed so that the 
resultant couple may be regarded as acting in the vertical 
plane MBM' that passes through the axis. Let us denote by 
Pi, P2, &c., the pressures that act at isolated points ; such 
pressures being regarded as positive when they act in the 

H 2 



«- t 

«. <. 



<. 
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direction of gravity ; then the part of the resultant along 
MM' arising from this system is represented by 2P. 

Again, if the beam be uniformly loaded the corresponding 
load on JBiVis represented by to (6 - ar), where w is the load* 
per unit of length. Combining these two results, the entire 
force R along MM' is given by the equation 

i2 = SP + «?(*- a;). (1) 

Again, the resultant couple, since it tends to bend or 
rupture the beam, is called the bending moment at the section. 

"We shall denote by Ma; the bending moment at the dis- 
tance X from the origin, and we shall regard it as positive 
when it tends to bend the axis doicnwards. 

87. CSxpression for Bending Moment. — For any 
external pressures, such as those considered in the previous 
Article, the bending moment at any point a? is a quadratic 
function in x. This is easily seen : for the bending moment 
corresponding to any pressure Pi, acting at the distance fli 
from 0, is Pi [ai - x) ; also the bending moment from the 
uniform load w is plainly ^w (b - xy ; accordingly we have 

M, = S (Pi«i) - a?SPi + itr (6 - xf (2) 

= ^ - PiP + ^wx", (3) 

where ^ = S (Piai) + Jm?6', B = SPi + toh. 

It is evident that A is the bending moment at the origin. 

The bending moments for the different points of a beam 
can be represented by a diagram, for if the ordinate y be 
drawn proportional to the bending moment M-^, then the 
parabola 

y - A- Bx + iwa^y (4) 

when drawn to scale, is called the diagram of bending 
moments, and gives the bending moment at each point. It 
is plain that the diagram in general consists of a series of 
parabolic arcs, each intersecting the next in a line in which 
one of the isolated vertical forces Pi, P2, &c. acts. Since 
we have here supposed the whole beam to be uniformly loaded, 
the parabolsB, having the same latus rectumj will be all equal, 
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but differ in position. The foregoing method can be readily 
extended to the case in which the value of w is diiferent for 
different portions of the beam. For full details, with figures 
and application to moving loads, the student is referred to 
Alexander and Thomson's Elementary Applied Mechanics^ 
Part 2. 

Again, it is obvious from (2) that we have 

a result that will be generalized in Article 90. 

From (5) we see that ^x is a maximum or a minimum 
at the points at which the corresponding force R vanishes. 

It is easily seen that in general the bending moment is 
more effective in breaking a beam than the corresponding 
shearing force R\ hence for any uniform beam of homo- 
geneous material, if we suppose the load to be uniformly 
increased so as to rupture the beam, the beam will break at 
the section at which the bending moment is a maximum 
regardless of sign. 

This principle enables us in many cases to find the 
greatest uniform load consistent with the safety of the beam ; 
and it also enables us to determine in certain cases the best 
position of props for supporting a given load; i.e. their 
position in order to support the greatest uniform load with- 
out injury to the elasticity of the beam. 

88. Position of Two Props for Maniiniint lioad. — 
For example, to find where two props should be placed in 
supporting a uniformly loaded horizontal beam. 

Let AB represent the axis of the beam, and C, D the 
positions of the supporting t. '^ c u o ^ ^ 
props. It is easily seen T t 

that the beam will support ' 

the greatest load, without rupture, when the bending 
moments at C and D are equal, and when they are also 
each equal, but opposite in sign, to the maximum bending 
moment between C and D ; for if these moments are not all 
equal, one of the props can be moved so as to diminish the 
greatest. In order that the bending moments at C and D 



B 
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should be equal the props must be equidistant from the 
extremities of the beam. 

Again, let 0(7 = 02) = ti, AC^BD^v. Since the 
bendinff moments at C and D are equal, it is plain that for 
points between C and D the bending moment is greatest 
(regardless of sign) at the middle point 0. 

If the bending moment at be denoted by Mo, we have 

Mo = ^w [u ^ vf - w [u ■{■ v) u =^^w (t?* - u^)y (6) 

where w is the load per imit of length, as before. 

Also Mc = \tvv^. 

Accordingly, for the position of greatest strength, we 

have Mc = - Mo, or u^ = 2e?*, i.e. u = v ^2, (7) 

This determines the best position of the props in order to 
support a uniform load. 

Examples. 

1. A uniform beam AB is supported at each end ; prove that the bending 
moment at any point P in its length is ^AP. FB. 

2. Compare the strength for resisting rupture of a uniform beam supported 
at each end, with that when the props are placed as in Art. 88. 

Ans, The latter is stronger in the ratio 3 + 2 V2 : 1. 

3. A uniform horizontal beam which is to be equally loaded at all points of 
its length, is supported at one end and at some other point ; find where the 
second support should be placed in order that the greatest possible load may be 
placed on the beam without breaking it, and show that it will divide the beam in 

the ratio 1 to V2 - 1. \_Camh. Math. Trip."] 

4. Compare the strength of the beam for resisting rupture in the previous 
example with that of the same beam when the props are situate as in Art. 88. 

Ans, The beam will only bear half the load without rupture that it would 
when the props are placed as in Art. 88. 

5. A horizontal beam, which is supported at both ends, and whose weight 
is neglected, is loaded with any number of isolated weights ; if the bendmg 
moments be equal at the points of application of any pair of contiguous weights, 
they have the same value at all intermediate points. 

6. A horizontal beam, whose weight is neglected, is supported at its extre- 
mities Af B, and is traversed by a moving load W distributed equally over a 
segment PQ of constant length ; show that the bending moment at any point X 
of the beam is greatest when X divides PQ in the same ratio as that in which it 
divides AB ; and show that this maximum bending moment is 

-^„ AX . XB {AB - iPQ). [TowNSBND.] 

AB^ 
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89. Shearing Stress and Momeiit of Resistance to' 
Rupture at any Section of tbe Beam. — We have seen 
that, in the case here discussed, the whole system of external 
forces that act on any portion MBM^ of the beam are redu- 
cible to a single vertical force Rz together with a si ngl e 
couple 1I;b, which acts in the vertical plane MBiT, We 
now proceed to consider the equilibrating forces arising from 
the elastic stresses that act on the section MM. The stress 
on any element of area in this section may be resolved into a 
stress normal to the section together with a tangential stress, 
that acts in the plane of the section. This system of tangen- 
tial stresses is, in general, equivalent to a single stress along 
MM^ together with a couple which acts in the plane of the 
section ; but this couple must, in the case here considered, 
be evanescent, since there is no equilibrating couple arising 
from the external load. Also, for equilibrium, the resultant 
vertical stress along MM' must equilibrate the force Rx. This 
vertical stress, taken in the opposite direction, is usually 
called the shear in the plane section, and if we represent this 
shear by Sx we have 

S..K..-^. (8) 

Again, the system of normal stresses likewise must equi- 
librate the bending moment Ma.. Accordingly the system of 
normal stresses over the section must be reducible to a single 
couple. 

If we denote this couple, taken in the opposite direction, 
by [JLx, we have fix = M^.. 

This couple tends to resist the rupture of the beam 

arising from the corresponding bending moment, and is 

called the moment of resistance to rupture. 

/Tim* 

90. Cfeneral Proof of Equation 8 = . — In the 

dx 

general case of a beam subjected to 
any vertical load let us consider 
the equilibrium of an indefinitely 



p p' 






small portion PQQ'JP' of the beam o^ — 

which lies between two parallel sec- 
tions, each drawn perpendicular to the axis of the beam. Then 
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since no isolated external force acts at any point on this por- 
tion of the beam, the moment of the applied forces, acting 
on the surface and throughout the mass of PQQ'JP^y round a 
horizontal axis in one of its vertical sections, is an infinitely 
small quantity of the second order. 

Let M be the bending moment for the section PQ, 
II + AJU that for section P'Qf. Also let S and 8 + AiS be 
the corresponding shears. Then, since both JH and 8 vary 
continuously in the neighbourhood of PQ, both All and AiS 
become indefinitely small along with Aa?. 

Again, observing that the bending moments act in oppo- 
site directions at the opposite faces of the lamina, they are 
equivalent to the single moment AM. 

In like manner the shearing stresses 8 and 8 + A8y 
acting in opposite directions, are equivalent to the couple 
8 Ax, neglecting the force A 5 in comparison with 8. For 
equilibrium these couples must be equal and opposite, and 
accordingly we have 

S_^_^, (9) 

Ax dx' ^ ^ 

in the limit. 

91. Deflection. lITeiitral Surface. — When a beam is 
acted on by any load, one of its surfaces becomes convex and 
the other concave, and the fibres are at 
one side extended and at the other com-- 
pressed. The surface which separates these 
two portions of the beam, and which is 
neither extended or compressed, is called 
the neutral surface of the beam. We 
shall assume* that the strain is such that 
the molecules in any section that is per- 
pendicular to the axis of the beam continue 
after flexion to lie in a plane. 

Again, in considering the strain, we 
may, as in Art. 6, suppose the section 
whose trace is AB to be brought back to its original position, 
then any very near parallel section, whose trace is ah before 




* The validity of the assumptions made in this Article will be considered 
in Art. 107. 
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the strain, will after the strain occupy a new position a'b\ as in 
the figure, normal to the arcs Aa' and Bh'. Let AB and rt'ft' 
when produced meet in 0, then will be the centre of curva- 
ture of the arcs, which may be regarded as small arcs of 
circles, having as their common centre. Also as -4V and 
B^b' are very small of the second order, we may regard A^B^ 
as the new position of the section ab. Through / the point 
of intersection of ab and A'B" draw 01 parallel to AA\ then 
all the fibres above the horizontal plane drawn through 01 
are extended, and those below are contracted. The horizontal 
plane through 01 is called the neutral surface of the beam, 
since all the fibres in this plane are neither elongated nor 
contracted. 

We shall assume that the corresponding stresses for the 
different fibres of the beam follow Hooke's law ; thus if s^r 
and/t be the strain and the corresponding stress for the fibre 
Mm^ we have 

- , _, mM' 

fx = MxdS = ^^S -ir;^, 

Mm 

where H denotes the coefficient of elasticity, which we suppose 
the same for all fibres of the beam, and ds is the section of 
the fibre. 

Again, by similar triangles we have 

^'^ Mm " /(?• 

Here Jf' / is the distance of the fibre Mm from the neutral 
surface : if we denote this distance by «?, and the radius of 
curvature by p, we have 

Saj = -, and/p-^rfs-. (10) 

P P 

Accordingly, since by hypothesis 2/a. = 0, we have 

'2vds = 0. (11) 

This shows that the centre of gravity of the area of the 
section AB must lie in the neutral surface; and from the 
symmetry of the section, it may be taken at the point 0. 
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The fibre which passes through the centres of gravity of 
all these parallel sections is called the mean or neutral fibre of 
the beam. It is also called the neutral axis of the beam. 

92. Expression for Momeiit of Resistance to 
Bending. — Let us suppose the section perpendicular to the 
axis at to be represented as in the figure : 
let P denote the point in which this plane 
intersects any fibre, and let 



PM=Vy PN^u; 



E 




then the system of forces /,, or — vds^ give 

E E 

rise to the couples S — t?' ^s and S — wrrfs, 

P P 

of which the former acts in the vertical plane drawn through 
ONy and the latter is parallel to the neutral plane. Again, 
we must have 



E 

S — uvds = 0, 

P 



(12) 



since, by hypothesis, there is no corresponding couple arising 
from the load. 

E 

Also the couple — Sr*^s, when reversed^ must be in equi- 

P , 

librium with the bending moment, and is in fact the couple 

that resists the rupture of the beam at the section. 

Moreover, the expression St^'flfs is the moment of inertia 
of the area of the section relative to the line OM, Denoting 
this moment of inertia by /, we have 

^^m=—. (13) 

p 

Again the equation ^tivds = shows that the preceding 
theory does not hold good when the vertical and horizontal 
lines OM and ON are not the principal axes for the section. 

Again, if T be the stress, per unit of area, for any fibre 
Mm, we have 



/ 



V 



ds o 



(14) 
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If p be eliminated between the two preceding equations 
we get 

r=^. (15) 

We hence see that the stress for any fibre is proportional 
to its distance from the neutral surface. Accordingly the 
extreme fibres, i.e. those furthest from the neutral surface 
undergo the greatest tension or compression. Consequently 
the load should be so regulated that the greatest value of T 
should not be greater than the limits of elasticity for the 
beam admit of. Thus if I\ denote the proof stress or the 
greatest value of T consistent with the elastic safety of the 
beam, and yo the distance of the extreme fibre, we get for the 
maximum bending moment consistent with safety, 

M = ^, or r.=^. (16) 



This may also be written in the form 



(17) 



P 

93. Talues of / for dlflTerent Sections. — For the 

convenience of reference the values of I in some of the cases 
commonly considered are here given. (See Integral Calculus^ 
Chapter X.). 

1. Rectangular section of breadth b and depth d. 

2. Beam of circular section r. J = -J-Trr*. 

3. Circular ring of small uniform thickness ^, and 

radius r. / = irr^t^ approx. 

4. Isosceles triangle of base 6, and perpendicular depth d. 

5. Ellipse, with axis minor horizontal. / = - ha^. 

4 

6. Ellipse, with axis major horizontal. J= - a6*. 

4 
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94. Strongest Form of Beam. — The best form that 
can be given to a beam, for strength, is that which renders it 
equally liable to nipture at every point, so that when the 
load is increased to its utmost limit the beam is on the point 
of rupture at all its points. The strongest beam of a given 
material is evidently that which can be constructed of the 
same strength with the least amount of material. Thus for 
the beam of strongest form the value of Ti must be the same 
for all sections of the beam, and accordingly we must have 

—J- = const. 

along the beam. The greatest value the constant can have 
is determined in each case from the nature of the material, 
and by aid of tables on the strength of different substances. 

If we suppose the section of the beam to be rectangular, 
of constant breadth 6, but of variable depth d ; then we have 

consequently for a beam of uniform strength ~ must be con- 

stant. Hence in this case the depth of each section should 
vary as the square root of the corresponding bending 
moment. 

If the depth of a rectangular beam be constant, while its 
breadth is variable, then we should have 

-r = const., 


and the breadth varies as the bending moment. 
Again, if the section be circular we have 

1/0 = ry / = |7rr* ; 

and consequently — must be constant ; accordingly the radius 

of the section should vary as the cube root of the bending 
moment. Also, we see from (17) that whenever t/o is con- 
stant, the curve formed by the neutral fibre, for a beam of 
uniform strength, is an arc of a circle. 
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95. Biflnerential Equation of IVeatral Fibre. — 

If y be the ordinate of any curve we have 

1 y 



f> (1 + r)^' 

Substituting in (13) we get 

(1 + f)^ ^ wr 

If now we suppose that the deflection of the mean fibre is 

so small that y or — may be neglected at all points, we have 

for the differential equation of the curve formed by the mean 
fibre, 

s - fr (18) 

We proceed to apply this equation to find the equation of 
tlie mean fibre in a few simple cases. 

96. Beam Supported at its Centre. — Suppose AB to 
represent the mean fibre of 
a imiform and uniformly 
loaded beam, which is sup- a- 
ported at its centre 0. 
TakeO as the origin, and OD as the axis of x ; and also let a?, y 
be the coordinates of any point P on the curve ; then if, as 
before, w denote the load per unit of length, and OB = a, we 
obviously have 

.-. EIj/ = M(^-xy; (19) 

hence BIy = - -J-m? (a - xY + C. 

Again, as y = at the origin, we get 

.-. Ely r=: :^w {x" - Sax" + Sa^x) ; 
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hence, since y = when a? = 0, we have 



WW* 



^^ N 



B 



Ely = itv (|ir* - ew^ + |aV) = oT (^' " ^^^ + ^^') ' (2^) 

This gives the equation of the neutral axis. 

Again, if 8 = jBD, the droop at either extremity of the 
beam, we have 

8 = i«^ ^. (21) 

Also, since the tangent at is horizontal, the preceding 
results hold good for a uniformly loaded beam which is solidly 
imbedded in masonry at 0, in a horizontal position. 

97. Beam supported at its Extremities. — For a 

uniformly loaded beam sup- 
ported at its extremities, let 
AB represent the unstrained 
position of the neutral fibre, 
C its middle point, and let 

ADB be its position when subjected to a uniform load. Also 
let -40 = fl, and w the load per unit of length; then the 
pressures on the supports -4, 5, are each equal to wa. 
Hence for M^, the bending moment at P, we have 

M-x = \w(x? - wax. 

Consequently Ely = ^wa? - wax ; 

.-. Ely - \wa^ - ^wax" + (7, (22) 

where C is an arbitrary constant. 

Integrating again, we have, since y = when a; = 0, 

Ely = -^wa^ - ^wax^ + Cx. 
Also since y = when x = 2a, we get 

G = \wa\ (23) 

Hence the equation of the mean fibre is 

Ely = g (a^ - 4aa:' + 8a») = '^^^^~ '"^ (4a» + 2ax - o?). (24) 

Next, suppose the whole load on the beam to be a single 
weight W applied at its middle point ; then the pressures at 
A and B are each ^JF. Consequently the bending moment 
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at P is - -^ Wx^ and the difiFerential equation of the mean 
fibre is 

Again, since y = when a? = a, we have 

.-. EIy^\W{a^-(x?). (25) 

Hence, at points between A and G we have 

Ely^WxI^a'-"^. (26) 

98. Droop and Slope of Beam, Stlffdess. — For any 

beam the depth of its lowest point is called its droop, and the 
angle the tangent at either extremity makes with the hori- 
zontal line is called the slope at that extremity. 

Thus, if 8 be the droop, we have by (24), for a uniformly 
loaded beam, 

^^^El'^'^^'EI' ^^'^^ 

Also, if a be the slope at -4, we get by (22), 

C = EI tan a ; 
accordingly, by (23), taua = ^^ (28) 

also, the equation 8 = f a tan a connects the droop with the 
slope. 

If /) be the radius of curvature at 2), regardless of its sign, 
we have 

— = -^war. 

Hence pS = -^a\ (29) 

Again, in the case of a load W placed at the middle 
point of the beam, we have 

^ 1 ^^' for. 1 ^^' ••>>-. 



33, 3. 
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Comparing these results we see that the droop of a uni- 
formly loaded beam is |- of its droop if the whole load were 
concentrated at its centre ; also that the slope in the former 
case is f of the slope in the latter. 

The stiffness of a beam is measured by the ratio of its 
droop at the middle point to its length. 

Again, if a uniformly loaded beam be subjected to a 
vertical pressure P at its middle point, its total droop at 
that point is obtained by combining the preceding results, 
we accordingly have in this case 

This result still holds good if P act upmirds, in which 
case we have 

HIB'-^i^W-P). (30) 

Let us now suppose the upward pressure such that 8 = 0, 
we get in that case 

P-iW. (31) 

99. Beam supported at Extremities and at Kiddle 
Point. — If a uniformly loaded beam be supported by props 
at its extremities, and also at its middle point, the three 
extremities of the props being situated in the same horizontal 
line, we see, by (31), that the middle prop will support -I 
of the entire load ; accordingly the pressures on the extreme 
props are each -^ of the load. 

It is easy to obtain the equation of the neutral fibre in 
this case. For let 

be the middle point of ^- — , ^ ^ -^ , _ ^ 

the beam AB ; then ^ ^ ^ ^ '^' 

taking as the origin, and OB as the axis of a?, we get for 
JH;,;, the bending moment at the distance x, 

WLg^ 4^w{a ~ xY- ^tca {a - aj), 
or:~y Ely = „(«*- Saa? + 4a!') . (32) 
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Henoe, observing that y = when a? = 0, we have 

Ely = ^w (a'a? - faic* + ^x^) ; 
aooordingly, since the curve passes through the origin, 

Ell/ = iw (ia V - iaar* + -^o?*) 

= iVw^^' (« - ^) (3« - 2a?). (33) 

This gives the equation of the mean fibre. 

Again, if 01 = 07' - \0A, we see from (32) that the 
bending moment vanishes at the points /and i'; these points 
are points of inflexion on the mean fibre ; they are sometimes 
called the hinges of the beamy since, as there is no moment 
to bend the beam, hinges may be introduced into the beam 
at these points without altering the conditions of the 
problem. 

Again, the bending moment is a maximum when 

0? - |«. 

Accordingly, if OM = OM^ = ^OA^ we get the points at 
'which the upward bending moment is a maximum, i.e. the 

Kints between A and 7, and between B and /', at which the 
am is most liable to rupture. 

It is important to consider whether the beam would first 
rupture at 0, or at M and M\ when we suppose the uniform 
load to be increased suflSciently. This depends on whether 
the downward bending moment at or the upward bending 
moment at M is the greater. 

Now from (32), the former bending moment is ^a', while 
the latter is -rirtra' ; consequently the middle point is the 
weakest point of the beam. 

100. litrongest Form of Beam. — We shall next 
consider the best form for strength in the oases treated of in 
the preceding Articles. 

JFirst, suppose the section rectangular and of conti^iit 
ireadthy then denoting by y the depth at the point a?, we get. 
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by Art. 96, for the shape of the upper and lower surfaces of 
a beam supported at its middle point, 

or y » * (a - a?), 

where A is a constant, showing that the surfaces are planes 
in this case. 

In the same case, if the depth is constant, and if we 
denote the breadth by 2, the form of the beam is given bj 
the parabola 

kz = (a - x)\ 
where A is a constant. 

Again, in Art. 97, we have M =* -J-trj? {2a - a?), oonsequenily 
for a beam of constant breadth supported at its extremities, 
and having a rectangular cross section, the form of maximum 
strength is given by the equation 

y^ = kx{2a'X). ' (34) 

This represents an ellipse whose centre is at the middle 
point of the beam. 

If the depth be constant we get a parabola as in the pre- 
vious case. It should be observed that whenever the depth 
is constant, since the breadth varies as the bending moment, 
the diagram of bending moment furnishes us vfrith the shape 
of the cross section of the beam of maximum strength. 

Examples. ^ 

1. Compare the droops of two rectangular beams each under the same loftd, I 
according as the greater or lesser side of the rectangle is vertical. 

2. A uniform elastic beam rests, in non-limiting equilibrium, with one end 
on the ground and the other against a yertical waU, the vertical plane thioog^ 
the beam being at right angles to the wall, investigate the form of the meaa 
fibre of the beam. 

If a be the inclination of the beam, we may resolve the weight of the 
beam^into two components, one perpendicular and the other parallel to the 
beamJ The deflection of the beam is caused solely by the perpendicular com* 
ponent, and accordingly the problem is a case of that considered in Art. 97. 

,-^.3. If a beam be supported at its middle point show that the droop of either 
end is f of the droop of the middle point of the same beam when it is supported 
at its cKremities. 
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4. The droop of the middle point of a nnifonn beam which is supported at 
its ends, is increased in the ratio of 5 : 13 by laying a mass equal to its own mass 
at its middle point. 

5. If the beam be supported at its middle point, prove that the droop of each 
end is increased in the ratio 3 : 11 by hanging to each end a weight equal to half 
die weight of the beam. 

6. If J and I' be two consecutive points of inflexion for any portion of a 
niformly loaded beam, prove that for any point F between I and I' the bend- 
ing moment varies as the rectangle under IF and FI'. 

7. A uniform elastic rod rests on three supports, one under its middle point, 
hA others at its ends. Find how much the middle support must be lower than 
he end supports in order that the pressures on the three supports shall be equal. 

{London Univ., 1881.) 

8. A uniform girder rests with one extremity on a prop, while the other is 

innlj built into a wall ; find the equation of the neutral fibre. 

to 
Am, Ely — -tt x {I - x) if ■\- 2ar), where / is the length of the beam. 
48 

9. Compare the maximum deflections of a uniform wire in a horizontal 
position when clamped at one end, and when resting on two supports under its 
Bnds. 

10. A beam h supported at its ends and loaded, with a weight^, at a pointP. 

Show that the depression of the point Pis ^-^rr, £^> where a, b, are the dis- 

6M1 \(t + o) 

bances from P to the points of support, the weight of the beam being neglected. 

11. A hollow circular pillar of uniform thickness being subjected to the 
Btraining action of any external system of transverse forces, show that its stiff- 
ness to resist change of form by bending is to that of a solid pillar of the same 
Length, under the action of the same system of forces, as the sum is to the dif- 
ference of the squares of its outer and inner radii. {London Univ. Exam., 1878.) 

12. Find the form of the rectangular girder of maximum strength cut out 
of a cylinder. 

The strength is a maximum when bd^ is a maximum. But we have 

6* 4- <P = 4r*, where r is the radius of the cylinder ; ,'. d = bV2. 

13. Compare the droop 5 of a uniform rectangular beam, subject to a uniform 
Load, and supported at its extremities, with that 5i of a rectangular beam of 
DDufonn strength, and uniform depth, similarly supported, and subject to the 
same uniform load. The beams are supposed to be of equal strength, and of 
dooal depth and length : and the weight of each beam is neglected in comparison 
«ri1h the load that it supports. 

The curvature of the beam of maximum strength, since its depth is constant, 
is uniform throughout by ^17) ; and therefore the mean fibre in this case is an 
&rc of a circle. Again, it is readily seen, since the strength of the beam is the 
same as that of the uniform rectangular beam, that the radius of this circle is 
aqual to p, the radius of curvature at the lowest point of the uniform beam. 
^;ain, from an elementary property of the circle, we have p%\ = \a^, approx., 
where 2a is the length of the beam. 

Hence from equation (29) we get 8i = f 8. 

12 
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101. Equation* of Three JHoments. — Unless the 
contrary be stated we shall, in all the following problems 
concerning beams, assume that the points of support are all 
situated in a common horizontal line. 

If a uniform and uniformly loaded horizontal beam 
rest on a number of supports, 

the bending moments at any ^ 

three consecutive supports are | 

connected by a remarkable 

relation, which we now proceed to establish. 

Let ^1, Ajj Az, be the points in the neutral fibre that 
correspond to three consecutive supports ; and let the corre- 
sponding bending moments be denoted by JUi, II2, II3, re- 
spectively. 

Then, taking A2 as the origin, and A2AZ as the axis of x, 
that of y being vertically downwards, the differential equa- 
tion of the curve A2PA3 may be written by (18), 
« 

Hit/ = M2 + Bx + ^W2x'y (36) 

where B is undetermined, and W2 is the load on iia^sper 
unit of length. 

Hence Ely = Mjir + -J-jBor' + \w^ + C. 

Again, if az be the angle that the tangent at At makes 
with the axis of a?, we have 

C - EI tan 02 ; 

.-. jBi (y - tan 02) = Maa? + i-Baj' + ^iTaar* ; (36) 
.-. EI{y -X tan a^ = ^Mjic* + \Bii^ + -^w^. (37) 
Now let A1A2 = a, -42-43 = 6, 

then, smce when a? = 6 we have y = 0, we get 

- EI tan aa = ^Maft + \Bh^ + ^WiV". (38) 

* The theorem of three momenta is usually ascribed to Clapeyron ; it is 
originally due however to M. Bertot, by whom it was publiidied in 1866: 
see Collignon, Coure de Mecaniquey tome 1, p. 243. 
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Also from (35), 

hence, eliminating B between this and the preceding equation, 
we obtain 

•^IHsi + EI tan a^ = -^Wih^ - ^^thy 

or EI tan 02 - '-^w^ 6* - -JMaJ - ^MsJ. (39) 

Similarly, for the segment ^1^21 we get 

— EI tan 02 = -^tVitt^ — ^^1112^ — -^-IHia, 

where iti is the load per unit of length for A1A2. 
Hence 

SKiU + JOL^b + 2M2 (a + J) = I {wiU^ + w^b^). (40) 

This relation is called the theorem of three moments. 
If the load be uniform over the whole space ^1^89 the 
equation becomes 

Mia + MsS + 2M2 (a + J) = ^w (a» + J»). (41) 

If, moreover, BIi = M3, we have 

JWi + 2M2 = ^w {a" + 6« - ab). (42) 

In general, for a uniformly loaded beam supported by a 
number of props, whose extremities are situated in a common 
horizontal, we have, by (40) or (41), a number of linear 
equations between the several bending moments at the dif- 
ferent props. Also, as the extreme bending moments are 
in general known, it is easily seen that we have sufiScient 
equations for the determination of the bending moment at 
each point of support. The pressures on the props can 
hence be determined. A few examples will be found in the 
following Articles. 

102. Uniform Beam, supported by Three Props, 
of which Two are placed at its [Extremities. — 

Let -4, B be the extremities of the beam, C its middle point, 
and D the position of the intermediate prop. Let AD « ti« 
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DB = r, and w the load per unit of length. 



M 



M 



M 



C D E 



r 



Mr 



C D 



r 



E 



B 



M' 



r MT 



B 




M 



The bending moments at A and B are each zero ; aooord- 
ingly 

M = ^ (m* + »» - «»), (43) 

O 

where M is the bending moment at D. Next, let Pi, P2, Ps, 
respectively, represent the pressures on the supports at -4, 2>, 
and P, then we have 



= \wu^ - PiU ; 



.-. P. = | 3«..-f^,. 



(44) 
(45) 



In like manner 



P3= Q 3t? + tt-- 
8 V V 



Also, since Pi + P2 + Ps = m? (t# + t?) = ]^, where W de- 
notes the whole load, we have 

If we suppose AD > DB^ then will Pi be greater than Ps. 
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If tt = t?, we get, as in Art. 99, 

Again, if Ps = 0, we have 

this gives u - ^v {1 + Jl3) = 2.3e?, approximately. 

u 
Hence, if - be greater than 2.3, the pressure Ps would 

"become negative ; and accordingly, in that case, it would re- 
quire an additional weight applied at B to bring the beam 
down so as to rest on the prop there placed. 

It is easy to find the equations to the curves AD and 2)i?, 
respectively ; for at any distance x from A we have 

M, = ^a?' - PlXy (47) 

or Uli/ « ^wj^ - PiX. 

Hence Ely = ^wx"" - IPix" + 0, 

where C is a constant ; 

.-. Ely = -^tva^ •- ^Pix" + Cx. (48) 

Again, when a? = w we have y = 0; accordingly 
G = -J-PiW* - -i^wu^ = -^w u (w* + uv - t?'), 
and the equation to AD becomes 

Ely = ^tcx{u -x) \(u + V ) (w + ip)-2ir'|. (49) 

The equation to the curve BD is obtained by an inter- 
change of letters. 

Again, if AD be the greater segment of AB when cut in 
extreme and mean ratio, we have 

u + V = 0, 

and the curve BD is represented by 

EIy^--^w;K^{v''x). (50) 

In this case the slope at B vanishes. 
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Again, from (47), we see that the point of inflexion / on 
AD is given by the equation 



or 



4ari = 3w + t; ; 

u 



DI = W - iTi = J . 



I*» + r* - fir 



u 



Also, the point M at which the upward bending moment 
is a maximum is given by the equation Pi = v)Xx ; accordingly 
M is the middle point of AI. 

It can be shown without diflSculty that the bending 
moment at M is always less than the bending moment at B, 
Accordingly, if the uniform load be increased, the beam 
would always rupture first at the intermediate prop. 

In general, if AB be divided at M and M\ so that 

Pi : P2 : Pa = AM\ MM' : M'B; (51) 

then, by (8), the shearing forces vanish at the points M and 
M'; and hence the corresponding upward bending moments 
are maxima at those points. 

In the accompanying figure (see page 118) the upper 
curve represents the form of the beam when CB = -^AC. 

In the second figure, we have CB= \AC\ in the third, 
CB = ^AO, and in the fourth, CB = \AC. 

The following table contains, to the nearest integer, the 
calculated values of the pressures Pi, P2, P3, on the props ; and 
of Oi, oj, 03, the corresponding angles of slope, for the (Hfferent 
curves in the figure, where we assume the whole load to bo 
1000 :— 



(1) 



(3) 



Pi = 216, ai = 1-53 oo 

P2 = 630, 02 = -4 00 

Ps = 154, as = '54 Co 

Pi =264, ai = 2-74ao 

P2 = 674, a2 = l-lao 

P,= 62, a3=--2ao 



(2) 



Pi - 242, 
P2 = 646, 
P3 = 112, 



ax = 211 do 
as = *77 Oo 
03 = '1300 



, (4) 



P, = 284, a, = 3-42 a, 
P, = 720, a, - 1-34 a, 
Pj = - 4, o» =- '46 Oo 
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In the above, oo represents the slope in the case where 
the intermediate prop is placed at the middle point of the 
beam. 

103. Apparatus for Testing the Results of the 
Preeeding Article. — The accompanying figure represents 




a mechanical apparatus devised for the purpose of testing the 
results just arrived at, and so far verifying the general prin- 
ciples on which the theory of the bending moment depends. 
In the apparatus there is introduced a fixed pillar at -4, and 
a fixed prop at (7, while the intermediate pillar at B is 
moveable. To each pillar is attached a pulley, supporting a 
scale pan and a stirrup^ which are connected by a string that 
passes over the pulley. 

In making an experiment the central pillar is placed in 
any position, and a uniform flat steel bar of length -4(7, is 
made to pass through the two moveable stirrups, and to rest 
on a fixed stirrup at C, as represented in the figure ; weights 
are then placed in the scale pans until the three stirrups are 
brought into a common horizontal line. In this manner 
Mr. Lilly, Assistant to the Professor of Engineering, has 
independently determined the weights which give the pres- 
sures on the stirrups for the different positions discussed in 
Art. 102. Subjoined are the results of four experimental 
observations for each position. 

In each case after making one observation the bar was 
turned upside down. The same observations were made 
after reversing the ends of the bar. 

The following are the observed results, as compared with 
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those calculated in Art. 102, the weight of the bar being 
1271 grams : — 



(1) 



(3) 





P. 


P, 


P, 




274 


809 


188 




273 


812 


186 




271 


805 


195 




271 


804 


192 


av. 


272 


807 


192 


oal. 


276 


800 


196 




P. 


P, 


P. 




332 


870 


69 




335 


865 


71 




336 


855 


80 




331 


857 


83 


av. 


334 


862 


75 


cal. 


335 


859 


79 



(2) 



(4) 





P. 


P. 


P. 




300 


837 


134 




305 


832 


134 




302 


824 


145 




302 


827 


142 


av. 


302 


830 


139 


cal. 


308 


821 


142 




P. 


P, 


P. 




367 


904 


99 




362 


910 


99 


av. 


364 


907 


99 


oal. 


361 


915 


-6 



The close agreement of the observed to the calculated 
values furnishes a remarkable confirmation of the general 
theory of the bending moment in the case of a thin beam. 

We shall next illustrate the theorem of three moments 
by applying it to the discussion of the best position of props 
when supporting a uniform and uniformly loaded beam, in 
order to give the maximum strength to the beam. 

104. Beam on Three Props. — We commence with 
the case of uniformly loaded beam supported by three props. 




It may be assumed that, in the strongest position, the inter- 
mediate prop should be placed under the middle point of 
the beam, and that the other props must be equidistant from 
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its extremities. It can now be shown that, in order, to bear 
the greatest load, the bending moments at B^ 0, and must 
be all equal, as in Art. 88. 

Let BO--U, -45 = /3 ; then Mjb = M^ = itr/3», 
and if Mo = M^, we must have, bj (42), 

Mo = Mc = tV^w* ; (52) 

accordingly u = /3 J6. (53) 

Again, if Mi be the bending moment at the middle point 
of COy we have, as in (6), 

Ml = Mc - itm* = - -sT^w' = - -JMc ; 

we accordingly see that M« is the greatest bending moment 
for the entire beam; and honce, if the load be uniformly 
increased, the beam would first give way at the props. 
Again, if / be the whole length of the beam, we get 

Mc = p- = 77^, q.p.y (54) 

8(1 +J6)' 9^ 

where JF represents the whole load. 

There is no difficulty in seeing that any alteration in the 
position of the props will increase the value of the maximum 
bending moment. 

Again, since the neutral fibre touches AD at 0, it must 
also touch it at 0, since M© = Mc ; accordingly in this case we 
may regard the beam as firmly embedded at the points 
Bf 0, Cj without altering the conditions of the problem. 

This also shows the length AB of the beam that should 
be imbedded in the masonry. 

105. Strongest Position for Four Props. — The case 



A B 



C 

T 



D 



E F 



of four props admits of a similar investigation. We shall 
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first assume that the props are symmetrioally placed relative 
to the middle point of the beam. Let 

AB = /3, BO--DE-- u, CD = t?, 

and let Mi and II2 be the bending moments at B and Cj re- 
spectively ; then by (40) we have in all cases, 

Mitt + M2 (2w + Sv) =• -J-w? (ti" + r*). 

Now let Ma = Ml + X, and we get, since Mi = ^)3*, 

_ 2tt + 3t? 



3 (w + t?) 



= TV«^sV + f;»-«t;-6/3*). 



Again, if the segments u, Vj /3, are connected by the 
equation 

u' + v'-uv^ 6/3% (55) 



we have X = 0, or Mi = j»ma. 

Also if / be the length of the beam, we have 

/ = 2/3 + 2tt 4 t^. (56) 

It can now be shown that the strongest position of the 
props is that for which /3 is a minimum^ while it satisfies 
equations (55) and (56). In this case we have, by (56), 
fl^f? = - 2dUj and by (55), 

2udu + 2vdv - udv - vdu = 0, 

accordingly we have 4w = 5«? ; (57) 

hence, if w = 5a, we have v = 4a, and j3 = a Ji, (58) 

consequently, Mi = ^w[y = ^ = — , q.p., (59) 

where TF", as before, represents the whole load on the beam. 

That this furnishes a minimum solution is immediately 
seen. 
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Again, since the bending moments at D and E are in this 
case equal, it is immediately seen that the greatest uptoard 
bending moment for the portion DE of the beam is repre- 
sented by 

i.r«*-]II, = |(J-/3') = |^«./3». (60) 

Hence this bending moment is less than that at the prop. 

It is immediately seen that the bending moment at 0, the 
middle point of the beam, is also less than Mi. Consequently, 
when the beam is divided at its points of support as in (58) 
it is most liable to rupture at the points of support ; and it 
can be easily shown that this furnishes the strongest position 
of the four props for supporting a uniform load. 

In order completely to establish this result, suppose, the 
position of the end props being unaltered, the two interme- 
diate props to assume new positions, and let 

BC = Wi, CD = W2, DE = Ws. 

Then, by the theorem of three moments, we have 

w 
MiWi + 2]!l2 {ui + Wj) + 113^2 = J (y^x + «^2'). 

Again, let II denote the value when Mi = II2 = M3, then 
we have 

w 
M = j2 (^^^' "^ ^^ " ^^ ^*) ' (^■''•) 

and it is obvious that the greatest of the three bending 
moments is greater than M. 

In like manner it follows that the greatest bending 
moment is greater than 

Y2 [U2^ + u^ - U2 W3) ; 

and consequently it is greater than half the sum of these 
expressions, i.e. greater than 

w 

^ [u^ + 2W2* + U^ - Wi Wa - W2 W3). (62) 



1 26 Ulastic Beams. 

It now can be shown that this latter expression is always 
greater than the value of Mi found in (59). This follows by 
showing that the least value of 

Wi' + tij' + 2eia* - tt, (wi + ttj) 

is that which it has when the beam is divided as in (58). 

For, let ^ = Wi* + Ma' + 2«/a* - w, {ui + w,), 
where tii + w, + Wj = / - 2/3. 

Here for the minimum value of ^ we have 

(2Wi - Ui) dUi + (4Wa - Wi - tta) fl^Ma + (^tla - th) dUz = 0, 

and also dui + dUi + duz = ; 

hence we get 

2 (tti - Ws) C?Wi + (5Ma - t/i - Swa) ejfUa * 0, 

or Wi - Ws = 0, 5wa - tti - Sws - ; 

this agrees with (58). 

There is no difficulty in seeing that this corresponds to a 
minimum value of </>, Le, of the expression in (62). 

If now the extreme props be each moved nearer to the 
ends of the beam, so as to diminish the bending moments at 
these props, it is immediately seen that the expression in (62) 
will be increased ; so that in all cases we infer that the 
position of the props arrived at in (58) gives that of the 
greatest strength. 

106. Position of Props in CJeneral for llaxlmun 
Strength. — The method of the two preceding Articles can 
be easily extended to the case of any number of props. Thus 
for an odd number, the bending moment should be the same 
for all the props, and hence the interval between each suc- 
cessive pair of props must be the same. The solution 
follows readily by the method adopted in Art. 104. 

For an even number {2m) of props, if the bending 
moments be all equal, we see immecUately that the distance 
between the third and fourth props must be equal to that 
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between the first and second ; also that if Ui be the distance 
between the first and second, and t/2 that between the second 
and third, the successive intervals will be equal to Wi, or else 
to fi2, alternately. 

Also the common bending moment for the props is repre- 
sented by 

hence if j3 denote as before the projection of the beam be- 
yond the first and last props, we have, as in (55), 

Wi2+w2«-WiU2 = 6j3'; (64) 

we have also 

/ = 2/3 + mui + (w - 1) Wa- (65) 

The result can be readily arrived at by differentiation, as 
in Art. 104. It can also be shown easily by ordinary Algebra, 
as follows ; for when HI is a minimum, p must also be a mini- 
mum ; this gives 

^ til + U2 - tiiU2 . . , m - 1 

A = — ; 72 — , a minmium, where a = . 

(wi + auz) m 

Solving this as a quadratic equation for — we have 

U2 



(1 - A) Ui - (^ + Xa) U2 = t/a v/A (1 + a + a*) - 1 ; (66) 

consequently the least value of A, consistent with real valuer 
for Ui and U2, is given by the equation 

4 (1 + a + a*) 

Substituting in (66) we get, after an easy reduction, 

(1 + 2a) Ui = (2 + a) Wj, 

Ui 3w - 1 

or — = ^ ^. (67) 

U2 om -2 ^ ^ 

Now let Ui = {Sm - 1) a, Wa = (3w - 2) a, and we get 

j3» = W (3»»' - 3m + 1), 



hence / = a (1 + v/ 6/» (m - 1) + 2) ^6m (m - 1) + 2 ; 
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consequently the minimum value of the bending moment M 
is given by 

Wl 

— »'^'- 8(lWfa(.-l).2 ).' «*) 

where, as before, W represents the whole load. 

It is easily seen that in this case HI is greater, regardless 
of sign, than the bending moment at any other point on the 
beam. It can also be shown, as in Art. 105, that if the 
beam be divided by its points of support in any other manner 
than that arrived at above, one at least of the bending 
moments at the props will be greater than the value of HI 
as determined in (68). 

107. Consideration of tlie Preceding Tlieory. — 

This chapter has been to a great degree written for the use of 
the practical student, and the investigations contained in it 
have been based on the two assumptions stated in Art. 91, viz. 
that the cross-sections of the beam still remain plane after 
flexure, and also that the stresses for the fibres which are 
parallel to the axis of the beam follow Hooke's law ; in other 
words, I have adopted what is now generally known as the 
Bernoulli-Eulerian theory. That the foregoing hypotheses 
are, in general, untenable has been shown by Saint- Venant 
and others, but the most complete investigation of the problem 
is that which has been recently given by Professor Pearson.* 
In fact it can be shown that the hypotheses in question 
only hold when the bending moment M is a Knear function 
of a?, the distance from the origin measured along the beam. 
This has been readily shown by Professor Pearson. In the 
following demonstration we take the neutral axis as that of Xy 
the axis of y being vertical ; then, reverting to the notation 
for stress and strain adopted in the earlier part of the book, 
equations (14) and (15) may be written 



A^Ea= E^^^'-fy, (69) 

* ** On the flexure of heavy beams subjected to continuous systems of load," 
Quarterly Journal of Mathematics, 1889, pp. 63-110. 
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in Tirliioh, for uniform beams, the bending moment M may 
l>e taken as a function of x solely. 

and also 



jEw = I [ Mefo: + x» (71) 



where x is an arbitrary function of y and z. 

In investigating the legitimacy of these equations we may 
regard the beam as isotropic. 

Accordingly the equations of Art. 63 give 

A^XA^2^a; r.A^-j-^a^-^ ^. (72) 

Also, by Art. 68, we have, since the load acts perpendi- 
cular to the beam, 



dx 

or 

'X + ju ^ 2|i^\ (Pu f(Pu (Pu 



2u?\ <Pu fcPu 



= 0. 



A ^ \ Jdx' '^\df dz' 

By (70) and (71) this may be written in the form 

where ^is a constant. 

Now this equation cannot hold good for all points on 
the beam unless 

dm 

—r- = const., 
dx 

i. e. unless M. = ex + c\ 

Accordingly, equations (69) hold only when the bending 
moment is due to an isolated loady and consequently all the 
results are inexact for the case of continuous loads. 
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The praotioal question remains as to how far the received 
theory, that the bending moment at any section of the beam 
is proportional to the ourvature, is an approximation to the 
truth. 

With this object in view, Professor Pearson has, adopting 
the semi-inverse method of Saint- Venant, fully discussed the 
case of a heavy beam of circular cross-section subject to a 
surface load, which is perpendicular to the axis of the beam. 

His investigation shows " that, in the case of a beam coti- 
tinuously loadedy the traction in any fibre does not theoretically 
vary either {a) as the bending moment^ or {b) as the distance 
from a neutral axis.^* 

The general conclusions arrived at by Professor Pearson 
are stated by him as follows : — 

(1) All the theoretical assumptions on which the Bemoulli- 
Eulerian theory of beams is based are in the exact sense 
false. The cross-sections are distorted; there is no true 
"neutral axis," and the curvature does not vary as the 
bending moment. 

(2) But, if the true theory of the beam be worked out, 
then the results of the I3ernoulli-Eulerian theory will be 
found to give fairly approximate formulae for the stress and 
strain of such beams as occur in ordinary practice (i.e. beams 
whose diameter is -^th or less of their length). 

We shall conclude with a brief account of Professor 
Alexander's method of practically applying Bankine's 
"Stress Ellipse," which has been already treated of in 
Art. 55. 

108. Model illustrating RanUne's << Ellipse of 
Stress." — The accompanying diagram represents the Model 
in the Engineering Laboratory of Trinity College, Dublin, 
devised by Professors Alexander and Thomson for illustrating 
Eankine's Method of the Ellipse of Stress. On the left hand 
of the diagram ON is a T square, pivoted to the black board at 
0, while MR is a pointer pivoted to the blade of the T square 
at M. On the pivot M a wheel is fixed at the back of the 
blade, and round the wheel an endless chain is wrapped, 
which also wraps round a wheel fixed to the board at 0. 
The wheel at is of a diameter double that of the wheel 
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at M. Hence, when the blade of tlie T square is turned to 
tlie rieht, the pointer ME automatically turns to the left, so 
that the angle MMNis always equal to 20, where PON = B; 
or, in other words, the bisector of BMN ia always parallel to 
OP. A string, fastened to the pointer at E, passes through 
a swivel ring at 0, and is kept tight by a plummet. It is 
easily seen that the point E describes an ellipse. 




Again OC, the head stock of the T square, represents the 
trace on the black board of any plane through O normal to 
the board, and the vector RO of the ellipse represents the 
stress on the plane CO, in intensify and direction, by Art. 55. 
Also the angle PON = gives the position of the plane CO 
relative to the plane of the greater principal stress AA, 
while EON = 7 is the obliquity of the stress upon CC. 
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The model shows clearly the interesting positions of the 
plane CO; thus CO may be turned to coincide with -4-4, 
when the string RO will be found to be normal to CC, and to 
be of a maximum length. On the other hand, if CO be 
turned to coincide with BB^ the string 220 is again normal to 
CCy but of a minimum length. Again, when CC is so placed 
that the angle RMO is a right angle, the component of RO 
parallel to CO is a maximum ; and lastly, if it be turned till 
MRO is a right angle, then ROM the obliquity of the string 
is a maximum. 

The auxiliary figure on the right of the diagram is for 
solving the general problem of uniplanar stress at a point, 
viz. given the stress m intensity and obliquity for two posi- 
tions of CO, to find the stress for any third required position 
of CO, On the auxiliary figure, the T squares for all 
positions of CO are superimposed upon each other, and are 
represented by one T square fixed to the board, and only the 
pointer JIR turns. 

In solving questions on the stability of earthworks, some 
linear dimension upon the auxiliary figure represents the 
known weight of a column of earth, while another dimension 
represents the required stress on a retaining wall, or on a 
foundation, &c. Generally two angular quantities also are 
known, such as JrOiV= ^, the maximum value of 7, this being 
the steepest possible slope of the loose earth, while RON = 7 
may be taken as the known slope of the surface of the loose 
earth. 

On the other side of the board, another T square is simi- 
larly pivoted to the same pin 0, the only difference being 
that Oil/ is shorter than the pointer MR. It represents the 
case of Unlike Principal Stresses, and is useful in de- 
monstrating the composition of stresses such as that of thrust 
and bending on a pillar, or of bending and twisting on a 
crank pin. 

By means of the slots on the easel the board can be placed 
so that any desired vector of the ellipse may be vertical. 
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ellipse of stress, 130. 
Analysis of a small strain, 19. 
Apparatus for testing bending 
moments, 121. 

Beam, strongest form of , 108, 113. 

supported at centre, 109. 

supported at ends, 110. 

on three props, 122. 

on four props, 123. 
Sending moment, 100. 

Clerk Maxwell's definition of elastic 
solid, 1. 

theory of attractions, 85, 86. 
Conjugate functions, 23, 90. 

Blesses, 51. 
Constituents of a strain, 10, 20. 
Coulomb's law of torsion, 89. 
Curvilinear coordinates, 28. 
Cylinder under tangential stress, 79. 
Cylindrical pure strain, 26, 69. 



Deflection of a beam, 104. 
Determinateness of a strain, 64. 
Differential equation of a loaded beam, 

109. 
Dilatation, cubical, 14. 
Displacement lines, 21. 
Droop of a beam, 111. 
Dupin's theorem, 30. 

Elastic beams, 99. 

coefficients, 63. 
Elasticity, 1. 

modulus of, 66. 



Ellipse of stress, 52. 
Elliptical cylinder, 91. 
Elongation, 6. 

principal, 6, 15. 

quadric, 9. 
Equation of neutral fibre, 109. 

of three moments, 116. 
Equations of equilibrium for an 
isotropic body, 69. 

in curvilinear coordinates, 71. 
Equipotential curves, 23. 
Ether stress, calculation of, 86. 

General equations of equilibrium, 48. 
Green's theorem, 55. 

Heterogeneous strain, 19. 

constituents of, 20. 
Heterogeneous stress, 47. 
Hinges of a beam, 113. 
Hollow cylinder under uniform pres- 
sure, 74. 
Homogeneous strain, 4. 
Homogeneous stress, 40. 
Hooke's law of elasticity, 63. 

Incompressible uniplanar strain, 22. 
Invariants of a strain, 16. 
Isotropic bodies, 65. 

Lines of stress, 49, 83. 
Loaded beams, 99. 

Maximum strength, position of props 

for, 126. 
Modulus, of elasticity, 66. 
Young's, 67. 
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Moment of resistance to rupture| 

103, 106. 
Moments of inertia, 107. 



Neutral surface of a beam, 104. 

axis, 105. 
Non-rotational strain, 15. 
Normal strain, transformation of^ 
32. 



Orthogonal curyilinear coordinates, 
28. 
equations of transformation for, 
29. 



Pearson, on the flexure of beams, 

128. 
Perfect elastic solid, 2. 
Planes of no distortion, 10. 
Planetary crust, 83. 
Points of inflexion of a beam, 113. 
Position of props for a maximum load, 

101. 
Potential of a pure strain, 2 
Potential energy, 61. 

equations derived from, 68. 
Principal axes of a strain, 6. 

elongations of a strain, 6,15. 
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rectangular, 96. 
Proof stress, 107. 
Pure shears, 11. 
Pure strain, 21. 

potential of, 21. 
Pure torsion, 26, 87. 

stress couple for, 88. 



Radii of curvature in curvilinear co- 
ordinates, 31. 
Rankine, construction for spheroidal 
stress, 50. 
ellipse of stress, 50. 
on stability of earth- works, 52.' 
Rectangular prism, 96. 

girder of maximum strength, 
115. 
Resilience, 72. 
Rigidity, modulus of, 67. 



Saint-Yenant's problem, 87, 95. 

circular cylinder, 88. 

elliptical cylinder, 91. 

stress reduced to a couple, 92. 

torsion couple, 93. 

general case of, 95. 
Shears, 11. 

Shearing strain, 11. 

in curvilinear coordinates, 34. 
Shell subject to interior pressure, 

74. 
Slope of a beam, 111. 

Sphere subject to self-attraction, 

77. 
Spherical, pure strain, 24, 69. 

shell, 72. 
Stiffiiess of a beam, HI. 

Straui, ellipsoid, 5, 13. 

homogeneous, 4. ' 

geometrical representation, 5. 

principal axes of, 6. 

pure, 6, 15, 21. 

equations of, 7. 

constituents, 10, 20. 
. cubical dilatation, 14. 

invariants, 16. 

uniplanar, 17. 

heterogeneous, 19. 

potential, 21, 63. 

spherical, 24. 

in polar coordinates, 35. 

in cylindrical coordinates, 36. 

determinateness of, 64. 
Stress, 

homogeneous, 40. 

tangential, 41. 

constituents, 44. 

quadric, 44. 

principal, 45. 

invariants, 46. 

uniplanar, 46. 

heterogeneous, 47. 

lines of, 49. 

spheroidal, 50. 

in terms of strain, 63. 

in isotropic bodies, 66 

longitudinal, 69. 

in ether, 86. 
Stretch, 4. 

Strongest form of beam, 113. 
for three props, 122. 
for four props, 123. 



